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A B S T R A C T  

A well known argument of James yields that if a Banach space X contains 
t~'s uniformly, then X contains t~'s almost isometrically. In the first half 
of the paper we extend this idea to the ordinal ll-indices of Bourgain. 
In the second half we use our results to calculate the s of certain 
Banach spaces. Furthermore we show that the gt-index of a separable 
Banach space not containing el must be of the form w e for some countable 
ordinal a. 

1. I n t r o d u c t i o n  

I t  is well known tha t  if lp  (1 < p < co) or Co is crudely  f ini tely represen tab le  in 

a Banach  space X,  then  i t  is f ini tely represen tab le  in X .  This  was shown for ~1 

and Co by  R.C. J ames  [J] and  for ~p (1 < p < ~ )  it  is a consequence of Kr iv ine ' s  

t heo rem [K] as no ted  by Rosen tha l  [R], [L]. We may  s ta te  th is  as: 

* Research supported by the NSF and TARP. 
Received August 8, 1996 

145 



146 R. JUDD AND E. ODELL Isr. J. Math. 

For all p E [1, oc], every K > 1, each m > 1, and every E > 0, 

there exists n such that  if (xi)'~ is a normalized basic sequence in a 

Banach space X with (xi)~ g uvb 6p, then there exists a normalized 

block basis (Yi)~ of (xi)~ satisfying (yi)~ n 1+~ uvb ~ .  

Separable Banach spaces not containing 61 may differ in the complexity of 6~'s 

embedded inside. This complexity is measured in part  by Bourgain's 61-index 

[B]. Bourgain considered trees T ( X ,  K)  whose nodes are finite basic sequences in 

the unit ball of a Banach space X, K-equivalent to the unit vector basis of some 

finite dimensional 61, for a fixed K.  The ~l-K-ordinal index of X,  I ( X ,  K) ,  was 

then defined to be the supremum of the orders of such trees. 

The definition of the 61-trees constructed by Bourgain may be extended to 

6p-trees (1 < p <:_ co) (we explain all the unfamiliar terms in the next section). 

We extend the results on finite representability of 6p in X to ~p-trees for p = 1 

and co. We prove the following theorem in Section 4. 

THEOREM 1.1: For p = 1 or ec, for each K > 1, for every a < wl, and any 

e > 0, there exists j3 < wl such that for all Banach spaces X ,  i f T  is an s 

on X with constant K and order, o(T) >_ fl, then there exists an 6 v block tree T ~ 

o f T  with constant 1 + E and order, o(T ~) >_ a. 

This theorem is not true in general for 1 < p < co, and in the final section 

we explain why not. We also show how the same ideas may be applied to the 

s models introduced by Kiriakouli and Negrepontis [KN]. 

In Section 5 we apply our results to the problem of calculating Bourgain's s 

index I ( X )  of certain spaces X. We show for example that  if X is Tsirelson's 

space, then I ( X )  = w ~. We prove that  I ( X )  is always of the form w ~ and 

relate I ( X )  to the "block" Bourgain 6x-index Ib(X) for spaces with a basis. Both 

indices are defined in Section 5. 

2. Prel iminaries  on trees 

By a t r e e  we shall mean a countable, non-empty, partially ordered set (T, _<) for 

which the set {y E T: y < x} is linearly ordered and finite for each x E T. The 

elements of T are called nodes .  The predecessor node  of x is the maximal 

element x ~ of the set {y E T: y < x}, so that  if y < x, then y _< x ~. The initial 

nodes  of T are the minimal elements of T and the terminal  nodes  are the 

maximal  elements. A s u b t r e e  of a tree T is a subset of T with the induced 

ordering from T. This is clearly again a tree. Further, if T ~ C T is a subtree 

of T and x E T, then we write x < T ~ to mean x < y for every y E Tq We 
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will also consider trees related to some fixed set X. A t r e e  on  a se t  X is 

a partially ordered subset T C [-J~=l Xn such that  ( x l , . . . ,  x,~) < (Yl , . . . ,  Yn) 

implies m ~_ n and x~ = y~ for i = 1 , . . . ,  m. 

The  property of trees which is most interesting here is their o rde r .  Before 

we can define this we must recall some terminology. Let the d e r i v e d  t r e e  of a 

t r e e T b e D ( T )  = {x E T: x < y forsomey E T}. It  is easy to see that  this 

is simply T with all of its terminal nodes removed. We then associate a new 

tree T ~ to each ordinal a inductively as follows. Let T O = T, then given T ~ let 

T ~+1 = D(T~). If a is a limit ordinal, and we have defined T ~ for all ~ < a,  

let T ~ = NZ<~ T~" A tree T is w e l l - f o u n d e d  provided there exists no subset 

S _C T with S linearly ordered and infinite. The order of a well-founded tree T 

is defined as o(T) = inf{a: T a = O}. 

A tree T on a topological space X is said to be c losed  provided the set T N X n 

is closed in X ~, endowed with the product topology, for each n > 1. We have the 

following result (see [B], [D]) concerning the order of a closed tree on a Polish 

space. 

PROPOSITION 2.1: I f  T is a well-founded, closed tree on a Polish (separable, 
complete, metrizabte) space, then o(T) < w~. 

A map f: T ~ T' between trees T and T '  is a t r e e  i s o m o r p h i s m  if f is one 

to one, onto and an order isomorphism (x < y if and only if f(x) < f(y)). We 

will write T ~- T' if T is tree isomorphic to T' and f: T ~ T' to denote a tree 

isomorphism. From now on we shall simply write i s o m o r p h i s m  rather than tree 

isomorphism. 

Definition 2.2: A tree t is a m i n i m a l  t r e e  o f  o r d e r  a,  for some ordinal a < Wl, 

if for each tree T of order a there exists a subtree T '  C T of order a v~hich is 

isomorphic to ~. Notice that  if t is a minimal tree of order a,  then any subtree 

of t of order a is also a minimal tree of order a.  We construct certain minimal 

trees for each ordinal a < Wl in Section 3. 
x m , m) write If X is a Banach space and ( i)1 C X with Ilxil[ = 1 (i = 1 , . . .  we 

(xi)~ K uvb gp if there exist constants c, C with c-lC ~ K and 

m 1 m m 

C ( Z  lailV) ~ ~- Z aixi[ ~_ C ( Z  lai[P) ~ 
1 1 1 

for all (a i )~  C R.  

Definition 2.3: An gp -K- t r ee  on a Banach space X is a tree T on X such that  

T C U~=I S(X) ~ and (xi)~ K uvb ~y for each (Z l , . . . ,Xm)  �9 T. We say T is 
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an ~p-tree on X if T is an ~p-K-tree for some K.  For p = 1 this definition is 

slightly different to that  in [B] where an e l -K-tree  is the largest tree of this form. 

In fact our trees are subtrees of those. 

Definition 2.4: Let T be a tree on the unit sphere S(X)  of a Banach space X. 

We say S is a b lock  t r e e  of T, written S _ T, if S is a tree on S(X)  such 

that  there exists a subtree T' C T and an isomorphism f:  T' -~ S satisfying: 

f((xi) '~) = (Yi)'~ is a normalized block basis of (xi)~ for each (xi)'~ C T', and 

if (xi)~ e T '  for some k < m, then there exists l < m such that  (yi)~ = f((x~) k) 
and (yi)l~+l is a normalized block basis of (Xi)km+l. 

For each node (Yl, . . . ,Yk) = f(x)  E S we call x the p a r e n t  n o d e  of 

(Yl , . . . ,Yk) .  Note that  if T is an ~l-K-tree on X and S is a block tree of T, 

then S is also an ~l-K-tree on X. However, if T is an ~p-K-tree on X for p > 1 

and S is a block tree of T, then S is at worst an ~p-K2-tree on X.  

A b l o c k  of a tree T as above is simply a normalized vector v in the linear span 

of some node ( x l , . . . ,  xn) of T. 

3. O r d i n a l  t r e e s  

Most of the work needed to prove Theorem 1.1 is concerned with constructing 

certain general trees consisting of collections of finite subsets of ordinals ordered 

by inclusion. We first construct specific minimal trees To of order a for every 

ordinal (~ < wl. Once this is done we construct "replacement trees" T((~, fi) 

which are formed by replacing each node of Ta by one or more copies of T#, and 

show that  T(a ,  fi) is a minimal tree of order fl.c~. This gives us in some sense a 

"tree within a tree" or "an a tree of fl trees". 

These two results are used as follows: Given an arbitrary ~l-K-tree on X with 

o(T) > a2 we can find a subtree isomorphic to T(a ,  (~). For one of the (~ trees 

inside this we either have a good constant- - in  which case we are finished--or 

we take a vector in the linear span of one of its nodes with a bad constant. 

Put t ing some of these vectors together yields a block tree of order a,  each of 

whose nodes is "bad", and then following the original argument of James these 

vectors together have a good constant. 

We now define the trees T~, and prove in Lemma 3.3 that  To is minimal of 

order a.  

Definition 3.1: We define m i n i m a l  t r e e s  To of order a for each countable 

ordinal a as subsets of [1, ~]<w ordered by inclusion, for some ordinal ~/= ~/(a) < 

wl where, if S is any set, then [S] <~ is the collection of all finite subsets of S. We 
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choose "y(a) and To by induction as follows: Let T1 = {{1}}. Given To C [1,7] <W 

for some ordinal "r < wl, let 

To+~ = {a u {~ + 1}: a e To} u { {z  + 1}}. 

Note that  for fl < a, 

(To+l) ~ = Ca U {'y + 1}: a e (Ta) ~} U {{')' + 1}} and (To+l) ~ = {{'y + 1}}. 

Thus o(To+l) = a + 1 as required. 

Finally, to define To for a a limit ordinal, let an f f  a be a sequence of ordinals 

increasing to a, and let To~ C [1, fin] <~ for some fin < wl. Let fl = sups/3n and 

7~ = j 3 + n  for each n. Let To,  = {a U {'yn}: a E To,} and let To = U~CTo,, 

ordered by inclusion. Notice that To= is the same tree as To,~ with the same 

order and structure, but the nodes have simply been relabeled. The reason for 

doing this is that nodes from different trees are now incomparable, and so the 

union U ~  To. is a disjoint union. 

To give an idea of what these trees look like we will construct the trees Tn and 

T~ explicitly. 

TI = {{~}} 

T2 = {{~, 2}, {2}} 

T~ = {{I, 2, 3}, {2, 3}, {3}} 

T, = {{1, 2, 3 , . . . ,  ~}, {2, 3 , . . . , - } , . . . ,  in  - 1, , } ,  { ,}}.  

Then to construct T~ we use the trees T= (n >_ 1) as described above. 

~1 = {{I, ~ + I}} 

T2 = {{l,2, w + 2},{2, w + 2}} 

~ = {{1,.. . ,n,w + n} , . . . , {n,~ + ~}} 

T~ = {{1,w+ l},{l,2,w+2},{2,w+2},...,{1,...,n,w+n}, 

�9 . . ,  {~ ,~  + ~} , . . . } .  

LEMMA 3.2: Let a < wl be a limit ordinal and let T be a countable tree of 

order a. Then there exist a sequence (a,~) of successor ordinals and a sequence 

(t~) of  subtrees tn C T with a = SUpn an, o(t~) = ~,~ and T = U ~  t~. Moreover 
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the trees (tn) are mutually incomparable, i.e., if  x E tn and y E tm with n r m, 

then x and y are incomparable. 

Proof'. Suppose tha t  T has only finitely many  initial nodes; let these be 

X l , . . . ,  xn, and let ti = {y E T: y >_ xi}. Then  a = o(T) = maxl_<i__,~ o(ti) = 

o(tio) for some i0 < n. Let t = {y E tio: y > xio} and let ~ = o(t). Since 

{x~ o } is the unique initial node of t~o, it follows tha t  t~ 0 = t O {x~ o } and hence 

(ti0) ~ = {X/o}. Thus  a = o(tio) = 13 + I,  a successor ordinal,  contradic t ing the  

assumpt ion  tha t  a is a limit ordinal. 

Thus  T must  have infinitely many  initial nodes; let these be ( x n ) ~  and let tn = 

{y E T: y >_ x~}, a~ = o(t~). Note tha t  these trees are mutua l ly  incomparab le  

since the nodes (Xn)~ are incomparable .  We find tha t  an is a successor ordinal  

using the  same a rgument  as above and from the definition of the order of a t ree 

we have tha t  o(T) = sup,~ o(tn) and hence a = supn an.  I 

LEMMA 3.3: T~ is a minimal tree of  order a .  

Proof." The  order of T~ is clear from the construction; we prove here t ha t  if T 

is any tree of order a < Wl, then there exists a subtree  T' C T such tha t  T' is 

isomorphic  to T~. We use induction on a ,  the order of T. The  result  is obvious 

for a = 1. 

Suppose the l emma  is t rue  for the ordinal a < Wl. Let T have order a +  1, and 

hence T ~ ~ ft. Let x be a terminal  node of T ~ and let T = {y E T: y > x}; then  

o(%b) = a .  By assumpt ion  there exists a subtree  T '  of i/~ and an i somorphism 

f :  T~ ~ T ' .  Clearly T '  -- T ' U { x }  is a snbtree  of T of order a +  1 and 

we can extend f to F: T~+I -~ T' to show tha t  T' is isomorphic to T~+I as 

follows. Recall f rom Definition 3.1 tha t  we obta in  T~+I from T~ by set t ing 

Ta+l  = {a U {'y + 1}: a E T~} U {{'7 + 1}}. Set t ing F({q, + 1}) = x and 

F(a t0 {~/+ 1}) = f (a)  makes F the required isomorphism. 

If a is a limit ordinal, let the l emma  be t rue  for all 13 < a and let T have 

order a .  By  L e m m a  3.2, T = U 1  tn where o(tn) = 13,~, a = sup n 13n, each 13n is 

a successor ordinal,  and the trees (t~) are mutual ly  incomparable .  Let a n  ,,~ a 

be  the sequence of ordinals increasing to a ,  and let T~,  be the trees, f rom the 

definition of the minimal  tree Ta, Definition 3.1. Let (13r~) be  a subsequence 

of (fin) so tha t  aN < 13r~ for all n. Each tree tr~ contains a subt ree  of order 

an;  hence, by assumpt ion,  for each n there exists t '  C tr~ and an i somorphism 
r n  

f,~: T ~  --% t '  Using the nota t ion  of Definition 3.1 we define in:  Tan & t '  
~rL " r n  

by ]n (aU{Tn} )  = fn(a). Let T '  = U l t '  and S: r ~  -% T '  be  the  funct ion ?'n 

/ = U 7  s . 
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Remark 3.4: It follows that if T is a tree of order/3 > a, then there exists a 

subtree T '  C T such that T ~ is isomorphic to T~. 

We now construct the replacement trees T(a,/3),  for each pair of ordinals a, 

/3 < Wl, promised earlier. First we construct the trees by induction, then we 

prove that T(a,/3) has order /3 ,  a. Finally we show that  T(a,/3) is isomorphic 

to a subtree of T~.a and hence is a minimal tree of order /3 .a  as required. The 

key to all of these proofs is to use induction on a for an arbitrary/3. 

Definition 3.5: For each pair a,/3 < Wl we construct a tree T(a,/3) which we 

call a r e p l a c e m e n t  t r e e  and a map fo,~: T(a,/3) -+ T~ satisfying: 

(i) For each x E T~ there exists I = {1} or N and trees t(x,j) ~- T~, j E I, 
such that f~,l~(x) = UjeI t(x, j) (incomparable union) with I = {1} if a is 

a successor ordinal and x is the unique initial node, or/3 < w, and I = N 

otherwise. 

(ii) For each pair a, b E T(a,/3), a <_ b implies f~,~(a) <_ f~,z(b). 

For each/3 < Wl, let T(1,/3) = T~ and fl,z: T(1,/3) --> T1 be given by fl,~(a) = 
{1} Va E T(1,/3). Let a < wl and suppose we have defined T(a,/3) and f~,~ for 

each/3 < wx. Roughly speaking, what we do to go from a to a + 1 is to take T~ 

and then after each of its terminal nodes we put a T(a,/3) tree. This will give us 

the required tree, but we have to ensure that it is well defined and that  we keep 

track of the order relation. 

Recall from Definition 3.1 that To,+1 = {aU{~,+l}: a E T~}U{{-),+I}} for some 

")' < 021. Let 51, (~2 be countable ordinals with T(a,/3) C [1,51]<~,T~ C [1, (~2] <~ 
Define a map - [1, 52] --+ [51 + 1, 51 + 52] by 77 ~4 ~/ = 51 + ~/. For all ordinals 

A, #, ~, we have ,k + # = A + v ~ # = ~, hence this map is one to one. Thus, 

if we define ~ = {4: 7? E a} for a E T~ and T~ = {~: a E T~3}, then T~3 ~- Tf3 as 

the map - is merely relabeling the nodes, but the trees T~3 and T(a,/3) are now 

incomparable since if a E T~3, b E T(a,/3), then a M b = 0. 

Let (5:n)/ ( I  = {1} or N) be the set of terminal nodes, of Tl3, a sequence of 

incomparable nodes, and let 

T(a + 1,/3) = U {a U 2 , :  a E T(a,/3)} U T~3, 
n E I  

f~+1,f l(x)= J" fod3(a) U { ' y + l } ,  x=aUFcn forsomeaET(a ,  fl), 

We need to show that  the map f~+l,~ satisfies the required properties. Let 

y E T~+I. If y = {7 + 1}, then f~-~l,~3(Y) = Tt3 ~- T~3. Otherwise y = a U {7 + 1} 
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for some a ~ Ta and hence 

- '  = U{bu.~. :  E f~,~(a)} I~+~,~(Y) b -1 

n ~ I  i ~ I  ~ 

= U 
j~_l"  

where tn# -~ T~ and I '  = {1} or N 

where t (y, j)  ~_ T~ and I "  = {1} or N 

as required. F~rthermore, the t(y, j ) 's  are incomparable. The second property is 

clear. 

If a is a limit ordinal, let an f f  a be the sequence of ordinals increasing to a 

from Definition 3.1 and suppose we have constructed T(an, ~), f~, ,e  for each an. 

Let T(a~,~)  C [1,~f~] <~, ~ = sup~ 5n < Wl, and set % = 5 + n f o r  each n. Then, 

as in the definition of the minimal trees, let T ( a , ,  fl) = {aU {'Yn}: a e T(an,  $)}, 

]~.,~(a U {%~}) f~ , e (a ) ,  and let T(a, fl) = ~ " = = U I T ( a n , Z ) , f i , , Z  U7 .~.,,. 

LEMMA 3.6: o(T(a, fl)) = ~ .  a. 

Proof." We proceed by induction on a for an arbitrary fixed/~. The result is 

obvious for a = 1. 

Suppose o(T(a, ~)) = 13. a. By the construction of T(a  + 1,/~) we have that  

( T ( a +  1,/3)) ~'~ = T~ and hence o(T(a+l , f l ) )  = ~ .  a + ~  = ~ .  (a + 1). I f a  is a 

limit ordinal and o(T(an, fl)) = o(T(an, ~)) = ~" an for each n, where T(a,  fl) -- 

mr T(a,~,13) from Definition 3.5, then o(T(a, fl)) = sup~o(T(an,13)) = 

sup,~ f~- am = fl- a.  II 

The last of our results on these specially defined trees is the following: 

LEMMA 3.7: T(a ,  fl) is a minimal tree of order fl.a. 

Proof: Since o(T(a,/~)) = ~ .  a and Te.a is a minimal tree of order ft.  a,  then 

by Remark 3.4 it is sufficient to prove that T(a, fl) is isomorphic to a subtree of 

T~.~. We prove this by induction on a for an arbitrary/~. The result is obvious 

for a = 1 since T(1, ~) = T~. 

Suppose T(a,  ~3) is isomorphic to a subtree of T~.a and hence is a minimal tree 

of order ~ .a .  Now, o(T~.(c~+l)) = 13. (a + 1) so o((Te.(a+l)) ~'~) = ]3, thus since 

T~ is minimal it is isomorphic to a subtree of (T~.(a+l)) ~'~. But by construction 

(T(a + 1,/3)) z'a ~- T/~ and hence is isomorphic to a subtree to of (Te.(a+l)) z'~. 

Let the isomorphism which sends (T(a + 1,fl)) t~'a onto to _c (T~.(a+l))~ 'a be 

a ~ a', so that if (xn)~ are the terminal nodes of (T(a + 1, ~))~'a, then (x~)~ 

are their images in (Tz.(~+I)) e'a, the terminal nodes of to, under this map. Let 
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T(x~) =- {y e T~.(a+l): y > x~} C TZ.(~+I), then o(T(x~)) > 13.a for each n. 

Now, by assumption, for each n there exists a subtree tn of T(x~n) isomorphic 

to T(a,  13) and hence the subtree T = ([.J~ tn) U to of TZ,(a+I) is isomorphic to 

T(a  + 1,13) as required. 

Let a be a limit ordinal with T(a,  13) = ~jo~ T(an, ~) via the construction in 

Definition 3.5, and let T(an,~)  be isomorphic to a subtree of T~ .~  for each 

n. Then T(a,~, 13) is isomorphic to a subtree of T~ .~  for all n, where T~.~, -- 

{a U {Tn}: a E T~.~.} for some % ,  from Definition 3.1, and hence T(a,13) is 

= [.Jl T~ .~  as required. | isomorphic to a subtree of T~.~ oo ~ 

4. P r o o f  o f  T h e o r e m  1.1 

We have shown everything we need about trees on subsets of ordinals and we 

now want to apply this to t l - t rees on a Banach space X.  

Detlnition 4.1: Let T be a tree on a set X and let T ~ be a subtree of T. We 

define another tree on X,  the r e s t r i c t e d  s u b t r e e  R(T') of  T ~ w i t h  r e s p e c t  

t o  T. Let x = (xi)~ E T '  and let y be the unique initial node of T ~ such tha t  
X m y < x; let m _< n be such that  y = ( i)1 �9 If y is also an initial node of T, then 

set k = 0, otherwise let k < m be such that  (Xi)l k is the predecessor node of y in 

T. Finally, setting R(x) = (xk+l , . . .  ,xn), we define R(T') = {R(x): x e T'}.  It  

is easy to see tha t  R(T  ~) is isomorphic to T ~. 

LEMMA 4.2: Let T be a tree on a Banach space X of order t3 �9 a isomorphic 

to T(~,  ~), and let F: T -+ Ta be the map from Det~nition 3.5 satisfying: for 

all x E Ta, F - l ( x )  = U~Tn(x), where I :- {1} or N,  T~(x) ~- T~ and the 

T,~(x)'s are mutually incomparable. For each x E T~ and n >_ 1, let b(x,n) be a 

block of R(T~(x)). Then there exists a block tree T' o f T  and an isomorphism 

g: T ~ ~ Ta satisfying: for every pair a,b E T~, with a < b, there exist xl < ""  < 

xrn in T~, integers nz~, . . .  ,n~m and k < m such that  g-l(a)  -= (b(xi,n~,)) k and 

9-1 (b) = (b(x~, n z , ) ) r .  

This sounds very complicated but all it is saying is that  if you have a tree on a 

Banach space X,  isomorphic to a replacement tree T(a,  13), then you can replace 

each 13-subtree by a normalized vector in the linear span of a node of that  tree, 

and refine to get a block tree of order a.  

Proof." As usual we prove this by induction on a for an arbi trary ft. The result 

is obvious for a = 1 and the only non-obvious case is the successor case. 
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Assume that  the lemma is true for a.  Let T be a tree on X of order ft. (c~ + 1) 

isomorphic to T ( a  + 1, f3), let F: T --4 T~+I be the map with F-l(x)  = [.Jl Tn(x) 
where Tn(X) ~- TZ, and let b(x,n) be given for each x E T~+I, n E I .  

By construction of the replacement trees, T z'~ ~_ T~, and in fact T ~'a -- 

F- l ({~ ,  + 1}) = TI({~ + 1}), where T~+I -- {a U {'~ + 1}: a E T~} [3 {{7 + 1}} 

from Definition 3.1. After each terminal node of T ~'~ lies a tree isomorphic to 

T(a ,  t3). Let these trees be (tj)~. Let J0 _> 1 be such that  tjo > b({'~ + 1}, 1); 

then tjo ~ T(a,/~) and so the lemma applies giving us a block tree t' -~ tjo and 
- -  3 0  - -  

g: t ~. ~ T~ as in the statement.  Now let 
2o 

T '  -- {(b((~, + 1), 1) ,Ul , . . .  ,urn): (ui)~ E t~0 } t2 {(b({'y + 1}, 1))} 

and let G: T '  ~ T~+I by 

S g((ui)'ff) U {"/+ 1}, a -- (b({~, § 1}, 1), U l , . . . ,  urn), G(a) 
I {~, + 1}, a = (b({ 7 + 1}, 1)); 

then G, T ~ clearly satisfy the lemma. 

The proof where a is a limit ordinal just involves taking the union of the 

previous trees and functions. | 

Proof of Theorem 1.1 for p = 1: Let T be an s  of order a 2 on X. We 

show that  there exists T ~ ~ T such that  T ~ is an ~l-v~-t ree  of order a.  

By Lemmas 3.3 and 3.7, T(a ,  a)  is isomorphic to a subtree of T and so we may 

assume that  in fact T(c~, c~) is isomorphic to T. Now let F: T --4 T~ be the map 

from Definition 3.5 with F - l ( x )  = Ur Tn(x), Tn(x) ~" T~ for every x C To and 

n E I .  
For each x C T~ and n E I we consider R(Tn(x)), the restriction being with 

respect to T. Note that  R(Tn(x)) is an s  isomorphic to Tn(x). If there 

exist x C T~, n E I such that  R(Tn(x)) is an s we are finished, since 

R(Tn(x)) has order a.  Otherwise let (z l , . . . ,  Zm) be a node of R(Tn(x)) which 

is not v ~  equivalent to the unit vector basis of s and let b(x, n) = ~-~ aizi 
where (ai)~ C It, ~ [ai] > v ~  and ]]b(x,n)] I = 1. Thus b(x,n) is a block of 

R(T,~(x)). 
By Lemma 4.2 there exists T ~ __ T of order a whose nodes are (b(xi,n~,))~ 

for some nx~ where {Xl < . "  < xm} = {x' e T: z '  _ x} for each x e T~. We 

need only show that  this tree has constant ,/-ft. Let (Yi)~ be a node in T ~ with 

parent node z = ( z l , . . .  ,zm) E T. Thus there exist subsets Ei C { 1 , . . . , m } ,  

E1 < " "  <: E~ (where E < F means m a x E  < m i n F )  such that  Yi = ~ k e E i  akzk  
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for each i and satisfying: 

1 = liy, ll = < lakl. 
E, 

Let (bi)~ C R; then 

= akz  
i=1 i=1 kEEi 

_> ~ [ks] ~ lakl 
1 kEEi 

1 

= v  lbd 

as required. These last few lines are James '  argument. 

Now, if we choose the smallest n so that  K 1/2n < 1 + ~, then we can iterate 
2,~ this argument to show that  if T is an ~l-K-tree of order a , then there exists 

T' ~ T such that  T' is an gl-(1 + r of order a,  which proves the theorem. 

| 

Remark 4.3: 

(i) The proof of Theorem 1.1 for p = oc is very similar to that  for p = 1, except 

that  given an g~-K- t ree  T on X of order a 2" for n sufficiently large, we 

choose a block tree T '  _~ T of order a to obtain ]] ~ biYi]l <_ (1+~) supi ]bil 

for all nodes (yi)~ E T ' ,  and then the lower estimate follows automatically 

according to James [J]. 

(ii) The proof of the theorem also gives some fixed po in t s - - tha t  is, ordinals 

a such tha t  if we have a n / 1 - K - t r e e  of order a,  then for any ~ > 0 we 

can get a block tree of this which is an g~-(1 + ~)-tree also of order a .  tn 

fact we see from the proof that  this is true for every countable ordinal a 

which satisfies f~ < a implies/~'~ < a for each n > 1. From basic results 

on ordinals we see that  a satisfies this condition if and only if a is of the 

form a = w ~~ for some ordinal 3' (see Fact 5.3 below). 
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5. C a l c u l a t i ng  t h e  g l - index  o f  a Banach space 

Definition 5.1: A block  basis  t r e e  on a Banach space X, with respect to a basis 

(ei)~ for X, is a tree T on X such that every node (xi)~ of T is a block basis 

of ( e i )~ .  Moreover, if T is also an gl-K-tree, then we say T is an g l -K-b lock  

basis  t r ee .  

Definit ion 5.2: Let X be a separable Banach space and for each K > 1 set 

I ( X ,  K) -- sup{o(T): T is an i l -K- t ree  on X}. 

Bourgain~s  g l - index of X [B] is then given by 

I(X)= sup {I(X,K)}. 
l_<K<c~ 

By Bourgain, I(X) < wl if and only if X does not contain ~i. 

The block basis index is the analogous index to I(X) except that it is only 

defined on block basis trees. For a Banach space X with a basis (ei), and K _> i, 

set 

Ib(X,  K ,  (ei)) = sup{o(T): T is an ~l-K-block basis tree w.r.t. (ei) on X}. 

The b lock  basis  i n d e x  is then given by 

Ib(X,  (el)) = sup{h(X,  K, (ei)): 1 < g < oc}. 

When the basis in question is fixed we shall write I b ( X , K )  rather than 

I b ( X , K ,  (ei)) etc. It is worth recalling here that Ib (X)  is not in general 

independent of the basis. It is clear, however, that Ib(X,  K ,  (ei)) _< I ( X ,  K )  

for every X, K and (el). 

We next state some facts about ordinals. The proofs may be found in 

Monk [M]. 

FACT 5.3: Let a be an infinite countable ordinal. Then the following s ta tements  

hold: 

(i) There exist k >_ 1, (countable) ordinals 81 > " "  > Ok ~_ 0 and ni )_ 1 

(i = 1 , . . . ,  k), uniquely determined by a, such that 

OL = ~ 0 1  . n l  ..}_ . . . . . } _  ~ 0 ~  . n k .  

This  is the C a n t o r  n o r m a l  f o r m  of  an ordinal. 

(ii) For all 13 < a,  ~ .  2 < a i f  and only i f  there exists  7 < w,  such that  a = w ~. 

(iii) For all ~ < a, t32 < a i f  and only i f  there exists 7 < wl such that  a = w ~ . 

(iv) I f  O~ = W 81 " n l  -~ " " + w Ok �9 n k ,  then w . a = a i f  and only  i f  Ok >_ w .  

(v) I r a  = w ~ . n l  + . "  + w ~ " nk,  then a . w  = w ~ 
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Our first result of this section is to show how we may refine s in a Banach 

space with a basis to get s basis trees, and explain how this relates to the 

indices. We then show that both I (X )  and Ib(X) are of the form w ~ for some a, 

and that  if a _> w for either index, then the indices are the same. The block basis 

trees are much easier to work with, and once we have the block basis index of a 

space we have a good idea what the index is. In the second part of this section 

we use this idea to calculate the index of some Tsirelson type spaces. 

NOTATION. For a Banach space X let B ( X )  = {x e X: [[xll < 1} and S ( X )  = 

{x 6 X: Ilxl[ --- 1} denote the unit ball and unit sphere of X respectively. If 

(xi)iel C X, where I C N, let; [xi]iei be the closed linear span of these vectors. 

If X is a Banach space with basis (ei)~ let E~ = [ei]~, let Pn: X --+ En be the 
n . r  basis projection onto En given by P n ( ~  aiei) = ~ 1  aiei, and let X~ = [e~]n+l. 

Finally, we define the support of x E X with respect to (ei)~ as supp(x) = 

{n_> 1: ( P ~ - P n _ l ) ( X )  ~ 0}. Thus, i f x  = ~ F a i e i  with ai ~ 0 f o r i  E F,  

then supp(x) = F.  If x -- (x~, . . . ,  x~) is a sequence of vectors, then supp(x) = 

[J l  supp(xi). In the following X will always denote a separable Banach space 

not containing s 

PROPOSITION 5.4: Let X have a basis; then I ( X , K )  > ~ .  a implies that 

Ib(X, K + e) >_ a for every s > O. 

We first prove the following elementary lemma: 

LEMMA 5.5: Let X be a Banach space with basis (ei)~ and let T be an t l - t ree  

of order w on X; then for each n _> 1 there exists a block x o f T  with Pnx = O. 

Proof." There exists m > n such that the linear space spanned by (yi)r~ 6 T has 

dimension greater than n. Thus the restriction of Pn to [Yi]~ is not one to one 

and hence there exists x E [Yi]~ with ]lxl[ = 1 and Pnx = O. | 

Proof of Proposition 5.4: If I (X ,  K)  > w.  a, then there exists an s 

T on X of order w. a and this in turn, by Lemma 3.7, has an s 

T p isomorphic to T(a ,  w). Thus we may assume that T itself is isomorphic to 

T(a,  w). We prove the following statement: 

For all a < wl, each l _> 0, and every ~ > 0, if T is an i l -K- t ree  

isomorphic to T(a ,w) ,  then there exists an ~l-K-block tree T' of 

T of order a such that for any node (Yi)~ E T' there exists l = 

k(1) < . . .  < k(m + 1) with []Yi - Pk(i+l)Yill < E and Pk(i)Yi = 0 

(i = 1 , . . . , m ) .  
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We induct on a; the statement is clear for a -- 1 by Lemma 5.5. Suppose we 

have proved the statement for a,  and let T ~- T(a  + 1,w). Let F: T -+ T~+I 

be the map F - l ( x )  = U~ Tn(x) ( I  = {1} or N),  from Definition 3.5, such that  

Tn(x) ~- T,o for each n and x, and the Tn(x)'s are mutually incomparable. Let z be 

the unique initial node of T~+I. By Lemma 5.5 we can find a block b(1, z) of T1 (z) 

such that  Plb(1, z) = 0 and we can find l' > l such that  lib(l, z) - Pl,b(1, z)[[ < c. 

Let T be a subtree of T isomorphic to T(a,w) with b(1, z) < T. Applying the 

induction hypothesis to R(2F) we obtain 2P' ___ R(T) such that  Pl, Yi = 0 for every 

node (yi)r~ e ~". Let T' = {(b(1, z), Y l , . . . ,  Ym): (Yi)~ �9 2P'} U {(b(1, z))}. Then 

T '  is the required block tree. 

Now let a be a limit ordinal and suppose we have proved the statement for 

each ~ < a. Let (an) be the sequence of ordinals increasing to a such that  T = 

U 7  T(n) where the trees T(n) are mutually incomparable and T(n) ~_ T(an,  w). 
Applying the hypothesis to each T(n) we obtain block trees T(n)'  -~ T(n). Then 

T' = U ~  T(n)'  is the required block tree. 

Thus, if we have an ~l-K-tree T of order w �9 a and c' > 0, then let T' be the 

t l -K-b lock  tree of T from above. For each node (y/)~ of T '  let (k( i ) )~ +1 C N 

be the sequence from above and let 

Pk(/+I)Yi (i = 1 , . . .  ,m).  
v i -  Hpk(i+l)Yi] [ 

The sequence (vi)~ is a uniform perturbation of a basis K equivalent to the unit 

vector basis of g~n. Hence, if r is chosen sufficiently small, then (vi)'ff is K + r 

equivalent to the unit vector basis of g~. This completes the proof since if we 

replace the nodes (Yi)~ with (vi)~ as above, then we obtain T, a block basis tree 

of order a and constant (K + c), so that  Ib(X, K + e) >_ a as required. | 

THEOREM 5.6: Let X be a Banach space with a basis; then Ib(X) = w ~ for 

some oL ~ w 1 . 

To prove this theorem we need some preliminary results. We first show that  

there is no s basis tree whose order is the same as the block basis index, 

and hence Ib(X) must be a limit ordinal. Then we show that  ~ < Ib(X) implies 

that  ft. 2 < Ib(X), which completes the proof. 

LEMMA 5.7: Let X be a Banach space with a basis and K >_ 1; then Ib ( X,  K) 
Ib(X). In particular Ib(X) is a limit ordinal. 

Proof: We prove by induction on a that  for every Banach space X with a basis 

and any K >_ 1, if Ib(X, K) = a, then Ib(X) > a. This is trivial for a = 1. 
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Let the result be true for c~ and suppose, if possible, that  it is false for c~ + 1. 

Let X be a Banach space with basis (ei)~ and K > 1 such that  Ib(X, K) = 

Ib(X) = c~ + 1. Now there exists an ~l-K-block basis tree T of order a + 1 

isomorphic to the minimal tree T~+I. Let x = (Xl) be the unique initial node 

of T, let k = max(suppx l ) ,  let Xk be the subspace of X spanned by (ei)i>k 

and let T(a) = {(Yi)~: Y = (x l , y l , . . . , ym)  e T and y > x}. Clearly T(a) 
is an ~l-K-block basis tree on Xk of order a,  and so Ib(Xk) > a,  otherwise 

Ib(Xk, K) = a -= Ib(Xk) contradicting our assumption. Thus there exists an 

~l-block basis tree T '  on Xk of order a + 1 for some constant K '  >_ 1. But now 

the tree T --- {(xl, u l , . . . ,  ul): ( u l , . . . ,  ul) C T '}  U {(xl)} is an ~l-block basis tree 

on X of order a + 2 for some constant K "  contradicting the assumption that  

Ib(X) = a + 1. This proves the result for a + 1. 

Let a be a limit ordinal and suppose the result is true for every a '  < a ,  but  

e er false for a.  Again let X be a Banach space with basis ( i)1 , K _> 1 such tha t  

Ib(X, K) = Ib(X) = a and T an ~l-K-block basis tree of order a isomorphic 

to the minimal tree Ta. By Lemma 3.2 there exists a sequence of ordinals (an) 

such that  a = supn(an + 1) = SUpn an and mutually incomparable trees tn for 

each n such that  tn ~- T~+I and T --- [Jn tn. For each n let Zn --- (W~)l k~ be the 

unique initial node of tn and let t~ -- {(Yi)~: y -- (w~, . . .  , wk~,yl,. .  . n  ,Ym) E 

tn and y > zn}, a tree isomorphic to T ~ .  Clearly T '  = Unt~ is a tree on X1 

with order a.  Let T = { (e l ,u1 , . . .  ,ut): (Ul , . . .  ,~tl) e T '}  U {(el)}. This is an 

~l-block basis tree of order a + 1, contradicting the assumption that  Ib(X) = a. 
This proves the first part  of the lemma. 

Suppose, if possible, that  Ib(X) = a + 1 for some a. Then there exists an 

~l-K-block basis tree T of order a + 1 for some K contradicting the previous 

result. | 

LEMMA 5.8: Let X be a Banach space with basis (ei)~. If/3 < Ib(X), then 
there exists K > 1 such that  Ib(Xn, K) >_ t3 for every n >_ 1. 

Proof The result is trivial for ~ < w. Suppose first t ha t /3  < Ib(X) is a limit 

ordinal and let T be an s basis tree on X of order /3. Let T(n) = 
l . 

{(Xi)n+l. 3(xi)~ E T with l > n}. T(n) is clearly a block tree of T and an 

s basis tree on Xn. Moreover, o(T(n)) =/3,  otherwise o(T) <_ o(T(n))+ 

n </3,  a contradiction. 

Now let /3 < Ib(X) be a successor ordinal greater than w; then /3  = 13' + k 

for some limit ordinal j3 r k w and k _> 1. From the limit ordinal case there 

exists K > 1 such that  Ib(Xm, K) >_/3 ~ for every m >_ 1. Now, X contains s 
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uniformly so there exists m > n and a normalized block basis (Xi)l k of [ei]~+l 

which is K equivalent to the unit vector basis of ~ .  Let T be an i l -K-b lock  basis 

tree on Xm of order/3 '  and let T(n)  = { ( x l , . . . , x k , u l , . . . , u t ) :  ( u l , . . . , u z )  �9 

T} U { ( x l , . . . ,  X k ) , . . . ,  (Xl)}. Then T(n)  is an/~l-block basis tree on X~ of order 

/3' + k = /3  and some constant which depends only on K.  | 

Proof  of Theorem 5.6: We show that  if/3 < /b(X), t h e n / 3 . 2  < /b(X),  which 

is enough to prove the theorem by Fact 5.3 (ii). Let/3 < Ib(X)  and let T be an 

s  basis tree on X of order/3. For each n let T(n)  be an gl-K-block 

basis tree on X~ of order 13 from Lemma 5.8. Let (ai) be the collection of 

terminal nodes of T and for each i _> 1 let n(i) = max(supp ai). Finally, setting 

T(n( i ) )  = {ai Ux: x �9 T(n( i ) )} ,  we have that  T = TU ([Ji T(n( i ) ) )  is an ~l-block 

basis tree of o rde r /3 .2  and hence Ib(X)  > /3" 2 as required. | 

THEOREM 5.9: Let X be a separable Banach space; then I ( X )  = w a for some 

The proof of this theorem is similar to that  of Theorem 5.6, but without a 

basis for X we have to work harder. 

LEMMA 5.10: Let  T be a countable tree of order a < a)l, M the collection of 

max ima /nodes  o f T ,  M = Ui~=l Mi a partition of M,  and 

T i - - - - { x E T : x _ < m  for s o m e m c M i } .  

Then o(Ti) = a for some 1 < i < n. 

Proof." We prove by induction on a. The result is obvious for a = 1. Suppose 

it is true for a,  and let T be a countable tree of order a + 1 with M, Mi, Ti as 

above. Let (aj) be the sequence of initial nodes of T and tj  = {x  E T: x >_ aj}.  

Clearly the t j ' s  are mutually incomparable and T = [Jj tj, hence o(tjo) = a + 1 

M for some j0. Let t' = {x E T: x > ajo}, then o(t') = a. Now, M = (.Ji=l i also 

partit ions the terminal nodes of t' and setting 

t~ = {x E t': x_< m for some m E Mi} 

we have o(t~o ) = a for some i0 by assumption. Now {ajo } U t~o is a tree of order 

a + 1 and {ajo } U t~o C_ Tio. Thus o(Tio) = a + 1 as required. 

Let a be a limit ordinal and suppose the result is true for each a '  < a.  

Write T = [.J tk as a union of mutually incomparable s tk of order ok where 

supk ak = a.  Given M ,  Mi, Ti as above let 

tk,i = {x E tk: X <_ m for some m E Mi} 
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and let i(k) E {1, . . .  ,n} satisfy o(tk,i(k)) = ak for each k, by assumption. Let 

Ni = {k > 1: i(k) = i}, then Ni must be infinite for some i0, so let Nio = (kj)~ r 

Now for each j we have tk~,i(k~) = tkj,io C Tio and the trees tkj#0 are mutually 

incomparable, thus o(U j tkj#o) = a which implies o(T~o) = a as required. | 

LEMMA 5.11: Let X be a separable Banach space not containing ~1 and K >_ 1; 

then I (X ,  K)  ~ I (X) .  In particular I ( X )  is a limit ordinal. 

Proof: Let I (X ,  K)  = a for some a < Wl and let T be an ~l-K-tree on X of 

order a.  Recall that  a Banach space X is E1-K if there exists a collection (E~)~  

of finite dimensional subspaces of X with d(Emg dlmE~) <_ K for every n, and for 

each finite set F C X and all ~: > 0 there exists n such that  the distance from x 

to E~ is less than r for all x in F. Also recall that  every infinite dimensional L:I 

space contains gl. See [LT] for more information on/:1 spaces. 

Now let M be the set of maximal nodes of T. Clearly this defines a collection of 

finite dimensional subspaces [xi]~ such that  d([xi]~, ~ )  < K,  where (xi)~ E M. 

Thus, since X doesn't  contain ~1, it is not a /21 space and hence there exist 

F = {Zl , . . . , z~}  C_ S(X)  and e > 0 such that  for each m = (xi)'~ C M there 

exists i(m) E { 1 , . . . , r }  with d(zi(m),S([xi]~)) > e. For i = 1 , . . .  , r  set Mi = 

{m C M: i(m) = i}. Then M =  U[ Mi partitions M and defines T = [-Jl Ti as 

in Lemma 5.10. So, from the lemma, we have o(Tio) = a for some i0 _< r. Let 

T' = {(Zio,Ul,.. .  ,urn): (Ul , . . .  ,urn) E Tio} U {(zio)}; then this is an e~-tree on 

X,  for some constant K '  = K'(K,  e), of order a + 1. Thus I ( X )  > a = I (X ,  K) 

which completes the first part  of the proof. The argument that  I ( X )  is a limit 

ordinal is the same as for Ib(X). | 

LEMMA 5.12: Let T be a tree on X of order a, where a is a limit ordinal. Let 

F C S(X*)  be finite and XF = {x C X: x*(x) = 0 Vx* C F}. Then there exists 

a block tree T' o f T  with o(T') = a and T' C_ XF. 

Proof." Let [F I = n. We note that  a is a limit ordinal if and only if a = w./3 

for some ordinal/3, and prove the lemma by induction on/3. 

For/3 = 1, a = o~, and let T be isomorphic to T~. Notice that  if (xi)~ +1 E T, 

then there exists x C S([xi]~ +1) with x E XF. Thus for each k there exists a node 
k l  (xi)i=1 E T, for l sufficiently large, from which we may extract a normalized 

block basis k k k l (Yj)j=I of (x~)~=l which is contained in XF and such that  T ~ = 

{ (y~ , . . . , y~) :  1 _< j <_ k, k _> 1} is a block tree o f T .  This is now the required 

tree. 

Suppose the result is true for t3 and let a = co. (/3 + 1) = w./3 + w and T be a 

tree of order a.  Since T has a subtree isomorphic to T~ we may assume T __ T~. 
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Now T ~~ is isomorphic to T~ and we apply the case/3 = 1 to obtain a block 

tree T ~< T ~'z of order co, contained in XF.  Let (ai) be the sequence of terminal 

nodes in T and ai the parent node of 5i in T ~'z for each i. Let T( i )  -- {x  E 

T: x > ai}, then o(T(i))  >_ co./3. Thus we may apply the induction hypothesis to 

R ( T ( i ) )  (the restricted tree from Definition 4.1) for each i to obtain block trees 

T( i ) '  <~ T( i )  with o(T(i) ' )  = co./3 and T(i ) '  C XF .  Finally, T '  = T U (Ui T(i ) ' )  

is the required tree of order a.  

Let/3 be a limit ordinal and suppose the result is true for all fl' < ~. Let ( ~ )  be 

the increasing sequence of ordinals whose limit is/3, then a = co. ~ = supn co �9 

so that  if T is a tree of order a and then T contains mutually incomparable trees 

of order co �9 r for each fin. We apply the hypothesis to each of these trees to 

obtain the result. 1 

Proof  of  Theorem 5.9: By Lemma 5.11, I ( X )  = a for some limit ordinal a.  We 

show that  if/3 < a is a limit ordinal, t h e n / 3 . 2  < a. It follows that  if/3 < a 

is a successor ordinal, t h e n / 3 . 2  < a. This is enough to prove the theorem by 

Fact 5.3. 

"Let T be an s of order ~ for some K.  If (x~)~ C T let F -- F((x~)'{) C 

S ( X * )  be a finite set which 1-norms a (1/2)-net in S([zi]~). Choose by 

Lemma 5.12 T(~,)LF a block tree of T of order ~ contained in X F.  Let (ak) 
[xk'~n be the collection of maximal nodes of T and if ak = ~ ~ Jl, Fk = F(ak) ,  let 

T(k)  ---- (ak U x: x E Tak,F}. 

Thus T '  -- T U (Uk T(k) )  is an gl-6K-tree of order ft. 2 as required, and hence 

/~-2 < c~. I 

COROLLARY 5.13: Let X have a basis. I f  I ( X )  >>_ w "~, then I ( X )  = Ib (X) .  

Proof." Let c~ > w, and suppose I ( X )  = w ~. Then for every fl with w _</3 < a 

there exists K such that  I ( X , K )  >_ w . w  ~ = w ~. Thus / b ( X , K ' )  _> w t3 for 

some K '  by Proposition 5.4, and hence Ib (X)  > w ~ for every /3 < a.  If a is 

a limit ordinal, then w s = supz< s w ~ and so Ib(X)  >__ w s = I ( X ) .  Otherwise 

c~ = a '  + 1, where a '  _> co and ' Ib (X)  > cos', which implies Ib (X)  > cos = I ( X )  

since Ib (X)  = co~ for some ~/ by Theorem 5.6. In either case we know that  

I ( X )  > Ib (X)  and so they are equal. 

If  I ( X )  = co', then I ( X )  > con+l for every n >_ 1 and hence Ib (X)  > con for 

every n _> 1 by Proposition 5.4. T h u s / b ( X )  _> co w = I ( X )  and so I ( X )  = Ib(X)  

as required. | 
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COROLLARY 5.14: I f I ( X )  = w ~, then Ib(X)  = w m where m ---- n or n -- 1. 

Proof: This follows from similar arguments to those for the previous corollary. 
| 

R e m a r k  5.15: We collect together some notes about which values a may take 

when I ( X )  = w ~. 

(i) 

(ii) 

(iii) 

(iv) 

If X does not contain g~'s uniformly, then I ( X )  = w = Ib (X) .  Also, 

if X contains g~'s uniformly, then I ( X )  > w 2. It  is easy to see that  

Ib(CO) = w (where the block basis index is calculated with respect to the 

unit vector basis for Co) and so I(Co) = w 2 by Corollary 5.14. Thus the 

two ordinal indices may indeed differ. In fact, by Remark 5.21 below, for 

each n _> 1 there exists a Banach space Xn with ID(X,~) = I ( X ~ )  = w n+l 

and for each n _> 1 there exists a Banach space Y~ with Ib(Yn) = w n while 

I(Y,~) = w '~+1 . 

If I ( X )  < w ~, then it is possible for a space X to have two bases (xi) 

and (Yi) with Ib(X,  (xi))  ~ Ib(X,  (Yi)). Indeed, for each n >_ 1 let Hn be 

the span of the first 2 '~ Haar functions in C(A) (where A is the Cantor 

set on [0, 1]); if X = (~-~ H~)co, then Z -~ Co. Thus, if (xi)  is a basis 

for X equivalent to the unit vector basis of co, then Ib(X,  (xi))  = w. 

However, if (Yi) is the basis for X consisting of the Haar bases for the 

H~'s  strung together, then, since each basis for Hn admits a block basis 

of length n which is 1-equivalent to the unit vector basis of g~, we obtain 

h ( X ,  (yi)) = w 2. By Corollary 5.14 the block basis indices for different 

bases can only differ by a factor of w. 

We note here that  there are some ordinals a for which there are no spaces 

X with index I ( X )  = w ~. In particular, if a is a limit ordinal, then there 

is no space X with I ( X )  = w ~ .  Otherwise, let I ( X )  = w~"; then for 

all a '  < a there is some K such that  there exists an gl -K-tree  of order 
c~ r 

w ~ , which we may then refine to get an 61-(1 + E)-block tree of order 

w ~"' for any ~ > 0, by Remark 4.3 (ii). Hence X contains a block basis 

tree of constant 2 and order w ~" (taking the union of these trees) and so 

I ( X )  >__ w ~ + 1 .  

By Remark 5.21 below, for every a < Wl there exists a Banach space X 

with I ( X )  = w a+l,  and by Theorem 5.19 below, there exists a Banach 

space Y : T ( S ~ ,  1/2) with I ( Y )  = w ~+1.  
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(v) If X is asymptotic ~1 (see for example [OTW] for the definition of this), 

then h ( X )  _> w ~ and so I ( X )  = Ib(X). 

QUESTION 1: For which limit ordinals a do there exist Banach spaces X with 

index I ( X ) = w ~ ? 

We have already shown that there exist Banach spaces with index w ~+1 for 

every a < Wl. We have also shown that we cannot have indices of the form w~" 

for c~ a limit ordinal, and that we do have spaces with index of the form w ~~ , 

but this leaves the question open for all other limit ordinals. 

This completes the first part of the section. We now apply some of these results 

and methods to calculating the ~1 index of some Tsirelson spaces. 

Definition 5.16: Let E , F  C_ N , n  _> 1. We write E < F if m a x E  < m i n F  

and n < E if {n} < E. Let A/[,Af be collections of finite sets of integers and 

K = (ki)~ C_ N. We define 

k 

.M[Af] = { U F i :  Fi e a r  (i = 1 , . . . , k )  and 3E = { m l , . . . , m k }  E A/[ 
1 

with ml  <_ F1 < m2 ~_ F2 < " "  < m k  <_ Fk; k ~_ 1} 

and ~4(K)  = {{ki: i E E}: E E A/I}. 

The Sch re i e r  sets ,  Sa [AA], for each a < Wl are defined inductively as follows: 

Let 80 = {{n}: n :> 1} U {~}, 81 = {F C N: IF[ <: F} = 81180]. If S~ has been 

defined let $~+1 = 81[$~]. If a is a limit ordinal with ,.q~, defined for each 

a I < a choose an increasing sequence of ordinals (an) with a = sup n an and let 

S ~  = UnC~=l ( F  e 8 ~ : n  < F}. 

For n > 1 let ($~)n = {F = U~Fi:  Fi c S~, F1 < .-- < Fn} and let 

[$a]n = 8 ~ [ ' "  [$a]] (n times). A sequence (Ei)'~ of finite subsets of integers is 

S~ admissible if E1 < ..- < En and (minEi)~ ~ Sa. 

Note that  (8~, C_) forms a tree, Tree(Sa), of order w a and ([Sa] n, C_) forms a 

tree, Tree([8~]n), of order w ~'n (see e.g. [AA]). 

Definition 5.17: We first define Coo to be the linear space of all real sequences 

with finite support, and let (ei)~ be the unit vector basis of Coo. If E C N, then 

let E x  = ~~ieE aiei. 

Using the Schreier sets, Argyros [A] defined the Ts i re l son  spaces ,  T(Sa,  1/2), 

for a < wl. He showed there exists a norm [[. ]] on Coo satisfying the implicit 
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equation 

[txlt = max [[xItco, sup IIEixt[: (Ei)~ is Ss  admissible and n > 1 . 
i----1 

The space T(Ss ,  1/2) is the completion of (Coo, H" I]). The s tandard  Tsirelson 

space T (the dual of Tsirelson's original space [T]) is just T(S1,1 /2)  [F J]. 

Definition 5.18: The S c h r e i e r  s p a c e s  X s  for  a < w are generalizations of 

Schreier's example [Sch], first discussed in [AA] and [AO]. They  are defined in a 

similar way to Tsirelson space; for each a < Wl we define a norm on Coo by 

= s u p  E a i ,  E aiei c~ EESa lEE 

and then the Schreier space Xs  is the completion of (e00, ]1 " ]Is). 

THEOREM 5.19: Ib(T($~, 1/2)) = co s '~ = I (T ($s ,  1/2)). 

PROPOSITION 5.20: For each a < COl, for every e > 0, and for a11 m > 1, there 

exists n >_ 1 such that if T is a block basis tree on a Banach space with a basis, 

and i f • ( T )  = {(min(suppxi))~:  (xi)~ e T} satisfies: VF e .~(T) V(ai)F C I t  + 

with ~ F  ai = 1 there exists G �9 (S s )  m such that G C F and ~ a  ai > s, then 
o(T) <<_ COs. n. 

Proos We prove the result by induction on c~. Let c~ = 0, pick e > 0, m > 1 

and choose n so that  m / n  < c. If o(T) > COo. n = n, then there exists F �9 ~-(T), 

IF[ > n. Now, sett ing ai = 1/IFI for i �9 F gives ~'~F ai = 1 but  if G �9 (So) m, 

then ]GI = m and ~ a  ai = m/IF] < m / n  < c, a contradiction. 

Suppose the result is t rue for a.  To prove the case c~ + 1 first let e > 0 be 

arb i t rary  and fix m = 1. Let n > 2/~, and let T be a tree with o(T) > w ~+1 �9 n. 

We may assume by Lemma 3.7 that  T ~ T(n,  CO s+l) and let F :  T --+ T~ = 

{al < " "  < a~} be the map F - l ( a l )  = Tl (a l )  and F-1(ai)  = U~=lTn(ai)  

(i > 1) where T~(ai) ~- T,o~+~ and the T,~(ai)'s are mutual ly  incomparable.  Fix 

rnl = 1 and el < 1/n. Tl(a~) has index COs+l > COs . k Vk so 3F1 �9 $ ' (T l (a l ) )  

S(ai)F~ C R + such tha t  ~FL ai = 1 and ~ G  ai < e if G �9 ($s)  "~' . Let (xi)~ �9 

TI(al)  be a node such tha t  T'I = (min(suppxi))~.  Then  there exists i2 such tha t  
> 

Choose m2 = max(T~) and ~2 < 1/n. Repeat ing the process for the restricted 

tree R(Ti2 (a2)) and m2, c2 up to R(Ti~ (a~)) and ran, E~ we obtain F1 < . . '  < Fn, 

(aj)l~ C R + such that  ~F~ aj = 1 and )-~c aj < ei if G C Fi and G �9 (Sa) m~ . 
?. 

Set F = ~1 ~ Fi and ~j = l a~  s for j �9 F .  Let G C_ F,  G �9 Ss+ l .  Then  G = ~Jl Gj 
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w h e r e r _ <  G1 < . . .  < Gr a n d G j  E S ~ .  Let i be least such that  G N F i  7 ~ ,  
then r _< max(F/)  -- mi+l <_ ml Vl > i. Hence if 1 > i, then G E (S~) mt and so 

EGNFt -aj = 1 EGfflFI aj < el/n; further, EGNFi -aj ~ EFi -aj ~- 1In. Thus 

1 2 

G 

as we had to show. 

For general m > 1 we use the same construction, taking n > 2m/e. Then, for 

G E (8~+1) m, each set in S~+1 can contribute at most (1 + ~ e i ) / n  and hence 

we get the desired contradiction. 

Let ct be a limit ordinal and suppose the result is true for each c~ ~ < ~. Let 

(c~i) be the increasing sequence of ordinals, with supi (~i = c~, which defines 

S~. Let e > 0, m = 1, and choose n > 2/e. Supposeo (T)>_w ~ .n ,  and so 

assume T ~_ T(n,w~); let F: T --+ Tn = {al < .-.  < an} be as before, but now 

with Tn(ai) ~- T~,. From ~ ' (Tl(a l ) )  select F1, (ai)F1 C R + arbitrarily. Let 

(xi)~ �9 Tl(a l )  be a node such that  F1 = (min(suppxi))~, then there exists i 2 1 

such that  Ti(a2) > (xi)~; set t2 = Ti(a2). 

Now, the result is true for each c~' < a, and o(R(t2)) > w ~' . k for each (~' < c~ 

and every k, so there exists F2 �9 5C(R(t2)), rn2 > maxF1,  and (aj)F2 such that  

~F2 aj = 1 and every subset G of F2 which is also in S~m 2 satisfies Y'~G aj < e2, 
where e2 was chosen to be less than 1In. Now, by [OTW], there exists m such 

that  i f G  2 m a n d G E S ~  for a n y i < m 2 ,  t h e n G � 9  2. Also, since co s is 

a limit ordinal, we may remove a finite number of the smallest nodes of R(t2) 
without changing the order of the tree and so we may choose F2 > m. 

We continue in this fashion, as before, to obtain F1 < ... < F~, (aj)F~ such 

that  i f /  < maxF l_ l ,  G �9 Sa~, G ___ Fz, then ~ c a j  < El < 1In. Set F = U F I  

and gj = !a.~ 3 for j �9 F. Let G �9 S~, then there exists j _> 1 such that  G �9 $~j 

and j < G. As before let i be least such that  G n Fi ~ 0, then j < ml (l > i) 
1 ez/n and _< and so EanFz aJ = n EanF, aj < EGnF~ -dj EF,  aJ = 1In. Thus 

< - 

n 
G 

giving the required contradiction. 

The case for m > 1 proceeds along similar lines as for the successor case; 

we just need to pick n so that  m/n  < e/2. This completes the proof of the 

proposition. | 

Proof of Theorem 5.19: We first note that  for each n > 1, if E �9 [Sa] ~, then 

]1Y~ieE aieill >_ 2-~Y~ laih from the definition of the norm on T(Sa,  1/2), thus 
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we may construct a block basis tree isomorphic to Tree([Sa]'~). As we noted in 

Definition 5.16, o(Tree([S~]n)) = w ~'n, and hence/b(T(S~,  1/2)) > w ~'n for each 

n > 1, and so Ib(T($,~, 1/2)) _> w~% 

Now, suppose Ib(T(Sc~, 1/2)) > w ~'~, then there exists an ~l-K-block basis 

tree T of order w ~'~ and by Fact 5.3 (v) we may write w "'~ = w ~~ for some 

< Wl. This is one of the fixed points of our construction by Remark 4.3 (ii). 

Thus for every E > 0 there exists an ~l-block tree of T with constant 1 + ~ and 

order w ~'~, so we may assume T has constant 1 + a where a < 1/10. 

Let m -- 1 and choose n from Proposition 5.20. Since o(T) > w ̀~ �9 n there 

exist F E 5V(T), F = { n l , . . . , n z }  = (minsuppxi)~ for some (xi)~ E T and 

( a j ) f  C a + such that ~ y  at = 1 and ~i-~ G a t < ~/3 for each subset G C F which 

l To calculate the norm of x let (Ei)~ be S~ is also in S~; set x = ~ i=1  an~xi. 

admissible. Let I = {i: supp(xi) C Ej.for some j},  let 

J = {i <_ l: i r I and supp(xi) n Ej :/: 0 for some j} 

and note that  since (Ei)~ is S~ admissible, there exist A, B, C E $~ such that  

{nj: j E J} = A U B U C .  Now 

k 1 1 

5----1 

l k 

E a n ~ E I I E j x i l l  
i----1 j = l  

j : l  iEJ 1 

k 1 1 

- 2  
iEI iEJ j = l  

1 + E a~,ilwill 
i E J  

1 
<_ at 

jEAUBUC 

1 + 3 ~  

and hence Iixll < 1/2 + ~. However (xi)~ E T, an ~1-(1 + ~)-tree, and so Ilxll > 

1/(1 + e), a contradiction. Thus Ib(T(S~, 1/2)) = w ~'~. i 

Remark 5.21: The authors have recently calculated the index of two other classes 

of Banach spaces. In [JO] it is shown that  the index for C(K) ,  where K is a 
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countable compact metric space, is given by 

I(C(wWa)) -- 0,) 1+~-[-1, ~b(C(o3wa)) ----- 03 "'+'l (1 ~ c[ < lgl)  

and for X~ the c~th Schreier space, 1 _< a < wl (Definition 5.18), that I (X~)  = 
~d~+ 1" 

6. F ina l  r e m a r k s  

As we noted in the introduction, Theorem 1.1 is false for 1 < p < oo. This is a 

consequence of gp being arbitrarily distortable [OS]. In particular the following 

is true. 

THEOREM 6.1: For each p, 1 < p < oo, and every L >>_ 1, there exist K > 1 and 

a < wl such that for any ~ < wl there exists a Banach space X which contains 

an s on X of order at least ~, but no s of order a. 

Proof'. Fix L _~ 1; then since s is arbitrarily distortable there exists a Banach 

space X isomorphic to s satisfying d(Y, s > 2L for every subspace Y of X. 

Clearly, as X is isomorphic to s there exists some constant K so that X contains 

an s on X of order ~ for each ~ < wl. If the theorem is false, then for 

each ~ < wl there would exist an s on X of order at least ~. This in turn 

would imply [B] that X contains a subspace Y with d(Y, s ~ L, contradicting 

our original assumption. This completes the proof. | 

The finite version of Theorem 1.1 for s is true, as we mentioned in the intro- 

duction. From this and our construction of T,~ (Definition 3.1) it is easy to see 

that if we have an s T of order w on a Banach space X, then there exists 

a block tree of T which is an s + E)-tree of order w. Thus it seems reasonable 

to ask the following question. 

QUESTION 2: For which ordinals a is Theorem 1.1 true for 1 < p < oc, and what 

is their supremum? 

Definition 6.2: We extend the definition of the el-spreading models introduced 
X oe by Kiriakouli and Negrepontis [KN] to fp (1 _< p Goc) .  A sequence ( n)n=l has 

an fp-S~-spread ing  m o d e l  ($~-SM, for some 1 _< p _< oc, with constant K,  if 

(xi)ieF K uvb fipFI for every F E S~, where S~ is the collection of Schreier sets 

of order c~ introduced in Section 5. 

We can refine the constant of an s from K to (1 + E) on a block basis as 

we did above for s but the proof is much more straightforward. We also 

note that  these spreading models are a stronger notion than fl-trees. 
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We need the following result [OTW]: 

LEMMA 6.3 ([OTW]): For each pair a , ~  < col there exists N C_ N such that 
S,[$~](N) C_ SZ+~. 

THEOREM 6.4: For any K > 1, every e > 0, and each c~ < aJ1, there exists 
/3 < wl such that if (xn) is a normalized basic sequence having an/~I-S~-SM with 
constant K, then there exists a normalized block basis (yn) of (xn) having an 
61-S~-SM with constant 1 + ~. 

Proof: This follows immediately from the following lemma. | 

LEMMA 6.5: Let (xn) be a normalized basic sequence having an ~I-S~.2-SM 
with constant K. Then there exists a normalized block basis (yn) of (xn) having 
an gl-S~-SM with constant v~.  

Proof: For fixed a < col choose, by Lemma 6.3, N = (hi) C_ N such that 

Sa[S~](N) c_ S~.2 and consider the subsequence (xn~)~. We know that since 

S~.2(N) c_ S,.~, 

1 
aix~ >_ ~ ~ lail, for every (a~) C R, and F E S~.2. 

iCF icF  

If there exists k > 1 such that 

> la~l, for every (ai) C R, and each E �9 S~ with E > k 
iEE 

then we are finished since E �9 $~ implies E + k �9 8~ (k >_ 1). 

Otherwise there exists a normalized block basis (yj) of (xn~) satisfying 

ieEj  ieEj  

with Ej �9 S ~ a n d E j  < Ej+I for e a c h j  > 1. Now, for each E �9 S~ the set 

F = UjeE Ej is an element of S~[Sa](N), which in turn is contained in Sa.2. 

Thus we obtain 

1 
bjyj >_ ~ ~ Ibjl, for every (bj) C R, and E e Sa 

E E 

using James' argument as in the proof of Theorem 1.1. | 
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R e m a r k  6.6: We note here some closing points for this section. 

(i) For every a < wl there exists a Banach space X~ with an gl-tree of order a 

but X~ has no gl-spreading models. In fact X~ can be taken to be reflexive 

with all normalized weakly null sequences having an ~2-(1 + r subsequence. 

Proof: We use a similar construction to Szlenk [Sz]. Let Xk = ~1 k (k > 1). 

If a < Wl is a limit ordinal and we have constructed XZ for each/3 < a,  let 

X~ = ( ~ Z < ~  XZ)~ 2. Given X~, let X~+I = (X~ | R)~ 1. II 

(ii) As for the ~v-trees, Theorem 6.4 is also true for p = ec and false for 

1 < p < ec. This follows from the proof of Theorem 6.1. 

(iii) It follows from Lemma 6.5 that  if (xn) is a normalized basic sequence having 

an g l - S ~ - S M  with any constant, then for every/3 < w ~, and any e > 0, 

there exists a normalized block basis (Yn) of (xn) having an gl-Sz-SM with 

constant 1 + ~. 
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