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ABSTRACT

A well known argument of James yields that if a Banach space X contains
£’s uniformly, then X contains £]’s almost isometrically. In the first half
of the paper we extend this idea to the ordinal ¢;-indices of Bourgain.
In the second half we use our results to calculate the £;-index of certain
Banach spaces. Furthermore we show that the £1-index of a separable
Banach space not containing £1 must be of the form w® for some countable
ordinal a.

Introduction

It is well known that if £, (1 < p < 00) or ¢p is crudely finitely representable in
a Banach space X, then it is finitely representable in X. This was shown for ¢;
and ¢o by R.C. James [J] and for £, (1 < p < o0) it is a consequence of Krivine’s

theorem [K] as noted by Rosenthal [R], [L]. We may state this as:
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For all p € [1,00], every K > 1, each m > 1, and every ¢ > 0,
there exists n such that if (z;)} is a normalized basic sequence in a
Banach space X with (z;)} K uvb £, then there exists a normalized

block basis (y;)7* of (z;)} satisfying (y;)T* L uvb o

Separable Banach spaces not containing #; may differ in the complexity of £7’s
embedded inside. This complexity is measured in part by Bourgain’s ¢;-index
[B]. Bourgain considered trees T'(X, K) whose nodes are finite basic sequences in
the unit ball of a Banach space X, K-equivalent to the unit vector basis of some
finite dimensional ¢, for a fixed K. The ¢;-K-ordinal index of X, I(X, K), was
then defined to be the supremum of the orders of such trees.

The definition of the #i-trees constructed by Bourgain may be extended to
£,-trees (1 < p < oo) (we explain all the unfamiliar terms in the next section).
We extend the results on finite representability of £, in X to £,-trees for p = 1
and oo. We prove the following theorem in Section 4.

THEOREM 1.1: For p = 1 or oo, for each K > 1, for every o < w1, and any
¢ > 0, there exists 8 < wy such that for all Banach spaces X, if T is an £,-tree
on X with constant K and order, o(T) > (3, then there exists an £, block tree T’
of T with constant 1 + ¢ and order, o(T') > a.

This theorem is not true in general for 1 < p < 00, and in the final section
we explain why not. We also show how the same ideas may be applied to the
?1-S4-spreading models introduced by Kiriakouli and Negrepontis {KN].

In Section 5 we apply our results to the problem of calculating Bourgain’s £;-
index I(X) of certain spaces X. We show for example that if X is Tsirelson’s
space, then I(X) = w*. We prove that I(X) is always of the form w® and
relate I(X) to the “block” Bourgain ¢;-index I;(X) for spaces with a basis. Both
indices are defined in Section 5.

2. Preliminaries on trees

By a tree we shall mean a countable, non-empty, partially ordered set (7', <) for
which the set {y € T: y < z} is linearly ordered and finite for each z € T. The
elements of T are called nodes. The predecessor node of z is the maximal
element z' of the set {y € T: y < z}, so that if y < z, then y < 2. The initial
nodes of T are the minimal elements of T and the terminal nodes are the
maximal elements. A subtree of a tree T is a subset of 7' with the induced
ordering from T. This is clearly again a tree. Further, if 7 C T is a subtree
of T and z € T, then we write x < T” to mean z < y for every y € T'. We
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will also consider trees related to some fixed set X. A tree on a set X is
a partially ordered subset T C (Jo2; X™ such that (z1,...,2m) < (¥1,--.,¥n)
impliesm<nandz;=y; fori=1,...,m.

The property of trees which is most interesting here is their order. Before
we can define this we must recall some terminology. Let the derived tree of a
tree T be D(T) = {z € T: z < y for some y € T}. It is easy to see that this
is simply T with all of its terminal nodes removed. We then associate a new
tree T® to each ordinal o inductively as follows. Let 70 = T, then given T let
Tet! = D(T®). If a is a limit ordinal, and we have defined T8 for all B < «,
let T* = (5., TP. A tree T is well-founded provided there exists no subset
8§ C T with S linearly ordered and infinite. The order of a well-founded tree T
is defined as o(T") = inf{o: T* = 0}.

A tree T on a topological space X is said to be closed provided the set T{) X"
is closed in X™, endowed with the product topology, for each n > 1. We have the
following result (see [B], [D]) concerning the order of a closed tree on a Polish
space.

PROPOSITION 2.1: If T is a well-founded, closed tree on a Polish (separable,
complete, metrizable) space, then o(T) < w;.

A map f: T — T’ between trees T and 7" is a tree isomorphism if f is one
to one, onto and an order isomorphism (z < y if and only if f(x) < f(y)). We
will write T ~ T" if T is tree isomorphic to T’ and f: T = T" to denote a tree
isomorphism. From now on we shall simply write isomorphism rather than tree

isomorphism.

Definition 2.2: A tree t is a minimal tree of order a, for some ordinal a < wy,
if for each tree T of order « there exists a subtree T/ C T of order o which is
isomorphic to t. Notice that if ¢ is a minimal tree of order o, then any subtree
of t of order o is also a minimal tree of order o. We construct certain minimal
trees for each ordinal o < wy in Section 3.

If X is a Banach space and (z;)7 C X with ||z;| =1 (i = 1,...,m) we write
(z))T K uvb £ if there exist constants ¢, C with ¢ 1C < K and

(Slar) <[] <c(Snr)

for all (e;)]* CR.

1
P

Definition 2.3: An ¢,-K-tree on a Banach space X is a tree T on X such that
T C Up, S(X)™ and (z;)T* X uvb £ for each (z1,...,%m) € T. Wesay T is
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an {y-tree on X if T is an {,-K-tree for some K. For p = 1 this definition is
slightly different to that in [B] where an £;-K-tree is the largest tree of this form.
In fact our trees are subtrees of those.

Definition 2.4: Let T be a tree on the unit sphere S(X) of a Banach space X.
We say S is a block tree of T, written S < T, if S is a tree on S(X) such
that there exists a subtree 7 C T and an isomorphism f: T/ = S satisfying:
f((z:)T) = (y:)} is a normalized block basis of (z;)7* for each (z;)7* € T, and
if (z;)% € T’ for some k < m, then there exists [ < m such that (y;)} = f((2:)¥)
and (y;)[',, is a normalized block basis of (z:)7 ;-

For each node (y1,...,yx) = f(z) € S we call z the parent node of
(y1,---,yx). Note that if T is an ¢;-K-tree on X and S is a block tree of T,
then S is also an ¢;-K-tree on X. However, if T is an £,-K-tree on X for p > 1
and S is a block tree of T', then S is at worst an £,-K 2.tree on X.

A block of a tree T as above is simply a normalized vector v in the linear span
of some node (zy,...,2,) of T.

3. Ordinal trees

Most of the work needed to prove Theorem 1.1 is concerned with constructing
certain general trees consisting of collections of finite subsets of ordinals ordered
by inclusion. We first construct specific minimal trees T,, of order o for every
ordinal @ < w;. Once this is done we construct “replacement trees” T(c, j3)
which are formed by replacing each node of T by one or more copies of T, and
show that T'(a, 3) is a minimal tree of order B-a. This gives us in some sense a
“tree within a tree” or “an a tree of 3 trees”.

These two results are used as follows: Given an arbitrary ¢;-K-tree on X with
o(T) > o? we can find a subtree isomorphic to T'(a, ). For one of the a trees
inside this we either have a good constant—in which case we are finished—or
we take a vector in the linear span of one of its nodes with a bad constant.
Putting some of these vectors together yields a block tree of order a, each of
whose nodes is “bad”, and then following the original argument of James these
vectors together have a good constant.

We now define the trees T, and prove in Lemma 3.3 that T, is minimal of
order a.

Definition 3.1: We define minimal trees T, of order a for each countable
ordinal a as subsets of [1,7]<“ ordered by inclusion, for some ordinal v = y(a) <
wy where, if S is any set, then [S]<% is the collection of all finite subsets of S. We
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choose y(a) and T, by induction as follows: Let Ty = {{1}}. Given T, C [1,7]<¥
for some ordinal v < wy, let

Tor1 ={aU{y+1}:ae T} U{{y+1}}.

Note that for 8 < a,

(Tos1)? = {aU {y+1}:a € (To)°}U{{7+1}} and (Tasr)* = {7y + 1}}.

Thus o(Ty41) = o+ 1 as required.

Finally, to define T, for « a limit ordinal, let a,, /* & be a sequence of ordinals
increasing to «, and let Ty, C [1, 8,]<¥ for some S, < w;. Let 8 = sup,, B3, and
Yn = B +n for each n. Let T, = {aU {7.}: @ € Ty, } and let Tp = U T
ordered by inclusion. Notice that T, is the same tree as T,, with the same

n

order and structure, but the nodes have simply been relabeled. The reason for
doing this is that nodes from different trees are now incomparable, and so the
union (J{° T, is a disjoint union.

To give an idea of what these trees look like we will construct the trees T, and
T., explicitly.

Ty = {{1}}

T> = {{1,2},{2}}
T3 = {{13273}7{27 3}) {3}}

T, ={{1,2,3,...,n},{2,3,...,n},...,{n — 1,n},{n}}.
Then to construct T,, we use the trees Ty, (n > 1) as described above.

Tl = {{1,w+1}}
Ty = {{1,2,w+2},{2,w + 2}}

T, ={{1,...,n,w+n},...,{n,w+n}}
T, ={{l,w+1}{1,2,w+2},{2,w+2},...,{1,...,n,w +n},
coo{mw+nl,.h
LEMMA 3.2: Let a < wy, be a limit ordinal and let T be a countable tree of

order a. Then there exist a sequence (a,) of successor ordinals and a sequence
(t,) of subtrees t, C T with a = sup, oy, o(t,) = o, and T = |J{° tn. Moreover
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the trees (t,) are mutually incomparable, i.e., if x € t,, and y € t,, with n # m,
then = and y are incomparable.

Proof: Suppose that T has only finitely many initial nodes; let these be
Ti,...,%n, and let t; = {y € T: y > x;}. Then o = o(T) = maxj<i<no(t;) =
o(ti,) for some 49 < n. Let t = {y € t;;: y > z;,} and let B = o(t). Since
{z,} is the unique initial node of ¢;,, it follows that ¢;, = t U {z;,} and hence
(ti,)? = {zs,}. Thus a = o(t;,) = B+ 1, a successor ordinal, contradicting the
assumption that « is a limit ordinal.

Thus 7" must have infinitely many initial nodes; let these be (z,)$° and let ¢, =
{y € T:y 2 z,}, an = o(t,). Note that these trees are mutually incomparable
since the nodes (z,){° are incomparable. We find that a, is a successor ordinal
using the same argument as above and from the definition of the order of a tree
we have that o(T') = sup, o(t,) and hence a = sup,, . i

LEMMA 3.3: T, is a minimal tree of order a.

Proof: The order of T, is clear from the construction; we prove here that if T’
is any tree of order @ < wjy, then there exists a subtree T/ C T such that 7" is
isomorphic to T,. We use induction on a, the order of T. The result is obvious
fora =1.

Suppose the lemma is true for the ordinal & < w;. Let T have order o+ 1, and
hence T # 0. Let z be a terminal node of T* and let T = {y € T: y > z}; then
O(T) = «. By assumption there exists a subtree T’ of T and an isomorphism
fi To 5 T'. Clearly T = T’ U {z} is a subtree of T of order o + 1 and
we can extend f to F: T, — T’ to show that 7" is isomorphic to Ty41 as
follows. Recall from Definition 3.1 that we obtain Th4;1 from T, by setting
Tor1 = {aU{y+1}: a € T,} U{{y + 1}}. Setting F({y +1}) = = and
F(aU{vy+1}) = f(a) makes F' the required isomorphism.

If o is a limit ordinal, let the lemma be true for all § < a and let T have
order a. By Lemma 3.2, T = |J{* t,, where o(t,) = 0, @ = sup,, By, each S, is
a successor ordinal, and the trees (¢,) are mutually incomparable. Let a, /~ a
be the sequence of ordinals increasing to a, and let Ta,, be the trees, from the
definition of the minimal tree T,, Definition 3.1. Let (53, ) be a subsequence
of (B,) so that a, < G, for all n. Each tree t,, contains a subtree of order
an; hence, by assumption, for each n there exists ¢, C ¢, and an isomorphism
fa: Ta, 5 t._. Using the notation of Definition 3.1 we define f: Ta, = t,_
by falaU{1m}) = fala). Let T = |J° t, and f: To = T be the function
f = U<1>o f n- |
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Remark 3.4: 1t follows that if T is a tree of order § > «, then there exists a
subtree 7' C T such that 77 is isomorphic to Ty.

We now construct the replacement trees T{a, (), for each pair of ordinals a,
B < wy, promised earlier. First we construct the trees by induction, then we
prove that T'(a, 3) has order 8- . Finally we show that T'(a, §) is isomorphic
to a subtree of Ts., and hence is a minimal tree of order -« as required. The
key to all of these proofs is to use induction on a for an arbitrary .

Definition 3.5: For each pair o, 8 < w; we construct a tree T(«, 3) which we
call a replacement tree and a map f, g: T(a, ) — T, satisfying:

(i) For each z € T, there exists I = {1} or N and trees t(z,j) ~ T, j € I,
such that f;},(w) =Ujer t, ) (incomparable union) with I = {1} if o is
a successor ordinal and z is the unique initial node, or f < w, and I =N
otherwise.

(i1) For each pair a,b € T{w, 8), a < b implies fq g(a) < fo,8(b).

For each 8 < wy, let T(1,8) = T and fi1,5: T(1, ) — Th be given by f1 g(a) =
{1} Va € T(1, 8). Let a < w; and suppose we have defined T(a, 3) and fq g for
each 3 < w;. Roughly speaking, what we do to go from a to a+1 is to take Tg
and then after each of its terminal nodes we put a T'(a, §) tree. This will give us
the required tree, but we have to ensure that it is well defined and that we keep
track of the order relation.

Recall from Definition 3.1 that Ty = {aU{y+1}: a € T }U{{y+1}} for some
¥ < wy. Let 81,8, be countable ordinals with T'(a, 8) C [1,8]<%, T C [1, 82]<“.
Define a map ? [1,82] — [61 + 1,81 + &2] by n — 7 = 6, + 1. For all ordinals
A, v, we have A + 4 = A+ v = p = v, hence this map is one to one. Thus,
if we define @ = {ij: n € a} for a € Tg and Ty = {a@: a € Tg}, then T ~ T} as
the map ~ is merely relabeling the nodes, but the trees ’f’ﬂ and T'(a, §) are now
incomparable since if @ € T3, b € T(a, §), then a N b = 0.

Let (Z,)1 (I = {1} or N) be the set of terminal nodes, of f’g, a sequence of
incomparable nodes, and let

T(a+1,8) = | J{aUZn: a € T(e, )} UTs,
nel
farigla) = { fopl@)U{y+1}, z=aUi, forsomeacT(x,p),
{’)’ + 1}, x € Tﬁ.
We need to show that the map f,41p satisfies the required properties. Let
Y € Topa. If y = {y+1}, then ;im(y) =Tp ~ Ts. Otherwise y =a U {y+1}



152 R. JUDD AND E. ODELL Isr. J. Math.

for some a € T, and hence

fatisW) = J{bUzn:be f74(a)}

nel

= U U tny Wwheretn,; ~Tgand I' = {1} or N
neliel’

= U t(y,j) wheret(y,j) ~Tgand I” = {1} or N
]'GIII

as required. Furthermore, the ¢(y, j)’s are incomparable. The second property is
clear.

If a is a limit ordinal, let a, * @ be the sequence of ordinals increasing to o
from Definition 3.1 and suppose we have constructed T(a,, 8), fa., 5 for each ay,.
Let T'(an, 8) C [1,6,]<%, § = sup,, 8, < w1, and set 7, = § +n for each n. Then,
as in the definition of the minimal trees, let T(an, B) = {aU{mm}: a € T(an, B)},
fan,ﬁ(a U {7n}) = fan,ﬂ(a)a and let T(a’ ﬂ) = U<1>o T(amlg)’ fayﬂ = U‘;c famﬁ'
LEMMA 3.6: o(T(a,f)) =5 a.

Proof: We proceed by induction on a for an arbitrary fixed 4. The result is
obvious for a = 1.

Suppose o(T(a, 3)) = 8- a. By the construction of T(a + 1, 3) we have that
(T(a+1,8))?* = T and hence o(T(a+1,08)) = B-a+B =8 -(a+1). Ifaisa
limit ordinal and o(T'(an, 8)) = o(T (s, B)) = B - an, for each n, where T(a, 8) =
U T(an, B) from Definition 3.5, then o(T(a,8)) = sup, o(T(an,B)) =
sup,3-a, =f-a. 1

The last of our results on these specially defined trees is the following:
LeMMA 3.7 T(a,f) is a minimal tree of order (3-a.

Proof:  Since o(T'(a,3)) = B« and Tps.o is a minimal tree of order - o, then
by Remark 3.4 it is sufficient to prove that T'(e, 8) is isomorphic to a subtree of
Ts.o.. We prove this by induction on « for an arbitrary 8. The result is obvious
for o = 1 since T(1, 8) = Tj.

Suppose T'(«, 3) is isomorphic to a subtree of T.o and hence is a minimal tree
of order B-a. Now, o(Tg.(at1)) = B (a+1) so o((Tp.(a+1))*®) = B, thus since
T is minimal it is isomorphic to a subtree of (T.(a+1))?®. But by construction
(T(a + 1,8))?* ~ Ts and hence is isomorphic to a subtree ¢ of (Tg.(a+1))5“’.
Let the isomorphism which sends (T(a + 1,))?* onto tg C (Tps.(a+1))® be
a > a’, so that if (z,)$° are the terminal nodes of (T(a + 1, 8))*%, then (z/,)$°
are their images in (Tg.(a+1))ﬂ'“, the terminal nodes of tg, under this map. Let
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T(z,) = {y € Tp.(a41): ¥ > Th} C Tg.(a+1), then o(T(x],)) > B - o for each n.
Now, by assumption, for each n there exists a subtree ¢, of T(z]) isomorphic
to T(a, B) and hence the subtree T = ({JS° t,,) Uto of T3.(a+1) is isomorphic to
T(a +1, ) as required.

Let o be a limit ordinal with T(e, 8) = U7 T(an, 8) via the construction in
Definition 3.5, and let T{a,,3) be isomorphic to a subtree of Ts.,, for each
n. Then T(ay, 8) is isomorphic to a subtree of Tp.q, for all n, where Tg.q, =
{a U {1m}: a € Tg.q,} for some =,, from Definition 3.1, and hence T'(«, 8) is
isomorphic to a subtree of Tp.q = {J{° Tg.a, as required. ]

4, Proof of Theorem 1.1

We have shown everything we need about trees on subsets of ordinals and we
now want to apply this to £;-trees on a Banach space X.

Definition 4.1: Let T be a tree on a set X and let T' be a subtree of T. We
define another tree on X, the restricted subtree R(T’) of T’ with respect
to T. Let z = (z;)7 € T' and let y be the unique initial node of 7" such that
y < x; let m < n be such that y = (z;)*. If y is also an initial node of T, then
set k = 0, otherwise let k < m be such that (z;)¥ is the predecessor node of y in
T. Finally, setting R(z) = (Tk41,...,%n), we define R(T') = {R(z): 2 € T'}. Tt
is easy to see that R(T") is isomorphic to T".

LEMMA 4.2: Let T be a tree on a Banach space X of order (3 - o isomorphic
to T(a, ), and let F: T — T, be the map from Definition 3.5 satisfying: for
all x € Ty, F~Y(z) = U; Tn(z), where I = {1} or N, Ty(z) ~ T and the
T (x)’s are mutually incomparable. For each z € T, and n > 1, let b(z,n) be a
block of R(T,(x)). Then there exists a block tree T' of T and an isomorphism
g9: T' 5 T, satisfying: for every pair a,b € T, with a < b, there exist z; < --+ <
Ty in Ty, integersng,,...,ng, and k < m such that g~'(a) = (b(z;, ns,))¥ and
g~ (b) = (b(zs, na )T

This sounds very complicated but all it is saying is that if you have a tree on a
Banach space X, isomorphic to a replacement tree T(a, 3), then you can replace
each fB-subtree by a normalized vector in the linear span of a node of that tree,
and refine to get a block tree of order .

Proof: As usual we prove this by induction on a for an arbitrary 3. The result
is obvious for a = 1 and the only non-obvious case is the successor case.
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Assume that the lemma is true for a. Let T be a tree on X of order 8- (a+1)
isomorphic to T'(a+1, ), let F: T — Ty, be the map with F~!(z) = |J,; Tu(z)
where T,,(z) ~ Tj, and let b(z,n) be given for each z € Tp41, n € 1.

By construction of the replacement trees, T8« ~ T3, and in fact T8 —
FY{y+1}) = Ti({y + 1}), where Tpry = {aU{y+1}:a € To} U {{y +1}}
from Definition 3.1. After each terminal node of T#' lies a tree isomorphic to
T(a, 3). Let these trees be (¢;)°. Let jo > 1 be such that t;; > b({y + 1},1);
then t;, ~ T(a, §) and so the lemma applies giving us a block tree t; =<t;, and
g: t5, 5 T, as in the statement. Now let

T = {(b({y+ 1}, 1), w1, um): (w7 € 5, FU{(B({y +1},1))}
and let G: T" = Toyq by

= (b({’y+ 1}’1)au17"-aum)’

o = 4 @) Uiy +1}
Gla) { (b({y+ 1))

a
{y+1}, a

then G, T’ clearly satisfy the lemma.
The proof where « is a limit ordinal just involves taking the union of the
previous trees and functions. |

Proof of Theorem 1.1 for p=1: Let T be an ¢;-K-tree of order a? on X. We
show that there exists T < T such that T" is an £;-vK-tree of order a.

By Lemmas 3.3 and 3.7, T(«, «) is isomorphic to a subtree of T’ and so we may
assume that in fact T(«, @) is isomorphic to T. Now let F: T' — T, be the map
from Definition 3.5 with F~1(z) = |J; Tn(z), Ta(z) ~ T, for every z € T, and
né€l.

For each z € T, and n € I we consider R(T,(z)), the restriction being with
respect to T. Note that R(T},(z)) is an £;-K-tree isomorphic to Tp(z). If there
exist £ € Ty, n € I such that R(T,(z)) is an ¢;-vK-tree we are finished, since
R(T,(z)) has order a. Otherwise let (21,...,2m) be a node of R(T,(x)) which
is not VK equivalent to the unit vector basis of #7* and let b(z,n) = > 1" aiz
where (a;)7* C R, .7 |ai| > vK and ||b(z,n)|| = 1. Thus b(z,n) is a block of
R(T(x))-

By Lemma 4.2 there exists 7 < T of order a whose nodes are (b(z;,nz,))T*
for some n,, where {z; < -+ < zp} = {2’ € T: 2’ < z} for each z € T,. We
need only show that this tree has constant v&. Let (y;)} be a node in T with
parent node z = (21,...,2m) € T. Thus there exist subsets E; C {1,...,m},
E\ < --- < E, (where E < F means max E < min F) such that y; = ZkeE,» aR2i
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for each i and satisfying:

1=yl = “Zakzkl' < —= Z |ak|-

Let (b;)T C R; then

sz

S g
i=1 ke€E;
> %};wé s

1 n
1 n
\/—?ZM

as required. These last few lines are James’ argument.
Now, if we choose the smallest n so that K 1/2" < 1 4 ¢, then we can iterate

this argument to show that if T is an £;-K-tree of order o

2" then there exists

T' < T such that T" is an £;-(1 + €)-tree of order ¢, which proves the theorem.

Remark 4.3:

(i)

(i)

The proof of Theorem 1.1 for p = oc is very similar to that for p = 1, except
that given an ¢..-K-tree T on X of order a?" for n sufficiently large, we
choose a block tree T' < T of order « to obtain || Y7 biysl] < (1+€) sup; |bs
for all nodes (y;)7 € 7", and then the lower estimate follows automatically

according to James [J].

The proof of the theorem also gives some fixed points—that is, ordinals
o such that if we have an £;-K-tree of order a, then for any ¢ > 0 we
can get a block tree of this which is an £;-(1 + ¢)-tree also of order a. In
fact we see from the proof that this is true for every countable ordinal «
which satisfies § < a implies 8™ < a for each n > 1. From basic results
on ordinals we see that o satisfies this condition if and only if « is of the
form a = w*’ for some ordinal 7 (see Fact 5.3 below).
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5. Calculating the /;-index of a Banach space

Definition 5.1: A block basis tree on a Banach space X, with respect to a basis
(e;)$° for X, is a tree T on X such that every node (z;)7 of T is a block basis
of (e;){°. Moreover, if T is also an ¢;-K-tree, then we say T is an £;-K-block
basis tree.

Definition 5.2: Let X be a separable Banach space and for each K > 1 set
I(X,K) = sup{o(T): T is an ¢;-K-tree on X}.
Bourgain’s ¢;-index of X [B] is then given by
I(X)= sup {I{X,K)}.

1<K <00
By Bourgain, I(X) < w; if and only if X does not contain ¢;.
The block basis index is the analogous index to I(X) except that it is only
defined on block basis trees. For a Banach space X with a basis (e;), and K > 1,
set

Ii(X, K, (e;)) = sup{o(T): T is an ¢;-K-block basis tree w.r.t. (e;) on X}.
The block basis index is then given by
I(X, (&) = sup{I(X, K, (e;)): 1 < K < oo}

When the basis in question is fixed we shall write I,(X,K) rather than
I(X,K,(e;)) etc. It is worth recalling here that I,(X) is not in general
independent of the basis. It is clear, however, that I;(X, K, (e;)) < I(X, K)
for every X, K and (e;).

We next state some facts about ordinals. The proofs may be found in
Monk [M].
FacT 5.3: Let o be an infinite countable ordinal. Then the following statements
hold:

(i) There exist k > 1, (countable) ordinals 6; > --- > 6 > 0 and n; > 1

(i=1,...,k), uniquely determined by o, such that

a=uw ny 4+l onyg

This is the Cantor normal form of an ordinal.
(ii) For all B < @, -2 < a if and only if there exists y < wy such that a = w”.
(iii) For all B < a, 32 < « if and only if there exists v < wy such that o = w*’.
(iv) Ifa =wh ny+-- +w  ng, then w-a = a if and only if 6 > w.
) fa=uw" -y +-- +w g, then a - w = 11,
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Our first result of this section is to show how we may refine £;-trees in a Banach
space with a basis to get £1-block basis trees, and explain how this relates to the
indices. We then show that both I(X) and I(X) are of the form w* for some «,
and that if & > w for either index, then the indices are the same. The block basis
trees are much easier to work with, and once we have the block basis index of a
space we have a good idea what the index is. In the second part of this section
we use this idea to calculate the index of some Tsirelson type spaces.

NoTATION. For a Banach space X let B(X) = {z € X: ||z]| <1} and S(X) =
{z € X: ||z|| = 1} denote the unit ball and unit sphere of X respectively. If
(zi)ier € X, where I C N, let [z;];er be the closed linear span of these vectors.

If X is a Banach space with basis (e;)$° let E,, = [&;]7, let P,: X — E,, be the
basis projection onto E, given by P,(} aie;) = Y7 aie;, and let X, =[] ;.
Finally, we define the support of z € X with respect to (e;)$° as supp(z) =
{n > 1: (P, — Pooq)(z) # 0}. Thus, if 2 = Y . ae; with a; # 0 for i € F,
then supp(z) = F. If £ = (z1,...,2,) is a sequence of vectors, then supp(z) =
(U7 supp(z;). In the following X will always denote a separable Banach space
not containing #;.

PROPOSITION 5.4: Let X have a basis; then I(X,K) > w-a implies that
IL(X,K +¢) > « for every € > 0.

We first prove the following elementary lemma:

LEMMA 5.5: Let X be a Banach space with basis (e;){° and let T be an £;-tree
of order w on X; then for each n > 1 there exists a block x of T with P,z = 0.

Proof: There exists m > n such that the linear space spanned by (y;)7* € T has
dimension greater than n. Thus the restriction of P, to [y;]]* is not one to one
and hence there exists = € [y;]]* with ||lz|| =1 and P,z = 0. |

Proof of Proposition 5.4: If I(X,K) > w- a, then there exists an ¢;-K-tree
T on X of order w-a and this in turn, by Lemma 3.7, has an £;-K-subtree
T’ isomorphic to T'(a,w). Thus we may assume that T itself is isomorphic to
T(a,w). We prove the following statement:

For all & < wy, each ! > 0, and every € > 0, if T' is an {;-K-tree
isomorphic to T(o,w), then there exists an £;-K-block tree T' of
T of order a such that for any node (y;)7* € T" there exists [ =
k(1) < --- < k(m + 1) with {|y; — Pey1yuill < € and Pryys = 0
(t=1,...,m).
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We induct on «; the statement is clear for & = 1 by Lemma 5.5. Suppose we
have proved the statement for a, and let T ~ T{a + 1,w). Let F: T — Ty
be the map F~1(z) = |J; Tn(z) (I = {1} or N), from Definition 3.5, such that
T, (z) ~ T, for each n and z, and the T,,(z)’s are mutually incomparable. Let z be
the unique initial node of T 1. By Lemma 5.5 we can find a block b(1, z) of Ty (z)
such that P;b(1,z) =0 and we can find I > [ such that ||b(1,z) — Prb(1, 2)|| < €.
Let T be a subtree of T isomorphic to T(a,w) with b(1,z) < T. Applying the
induction hypothesis to R(T) we obtain T’ < R(T) such that Pyy; = 0 for every
node (y;)7 € T'. Let T" = {(b(1,2),41,..-,%m): (%)] € T'}U{(b(1,2))}. Then
T’ is the required block tree.

Now let a be a limit ordinal and suppose we have proved the statement for
each 8 < a. Let (a,) be the sequence of ordinals increasing to o such that 7' =
US° T'(n) where the trees T(n) are mutually incomparable and T'(n) ~ T'(om,w).
Applying the hypothesis to each 7'(n) we obtain block trees T'(n)’ < T'(n). Then
T' = U7 T(n) is the required block tree.

Thus, if we have an #;-K-tree T of order w - o and &' > 0, then let T’ be the
£1-K-block tree of T from above. For each node (y;)7 of T' let (k(i))7"t' ¢ N
be the sequence from above and let

Priirnyys

vi= KDYy
" 1Pernyill

The sequence (v;)T* is a uniform perturbation of a basis K equivalent to the unit
vector basis of £*. Hence, if ¢’ is chosen sufficiently small, then (v;)7* is K + ¢
equivalent to the unit vector basis of £7*. This completes the proof since if we
replace the nodes (y;)7* with (v;)7* as above, then we obtain T, a block basis tree
of order a and constant (K + ¢), so that I;(X, K + €) > « as required. ]

THEOREM 5.6: Let X be a Banach space with a basis; then I;(X) = w® for
some o < wy.

To prove this theorem we need some preliminary results. We first show that
there is no £;- K-block basis tree whose order is the same as the block basis index,
and hence I(X) must be a limit ordinal. Then we show that 3 < I(X) implies
that 8- 2 < I(X), which completes the proof.

LEMMA 5.7: Let X be a Banach space with a basis and K > 1; then I;(X, K) #
I,(X). In particular I,(X) is a limit ordinal.

Proof: We prove by induction on « that for every Banach space X with a basis
and any K > 1, if I;(X, K) = o, then I,(X) > a. This is trivial for a = 1.
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Let the result be true for « and suppose, if possible, that it is false for o + 1.
Let X be a Banach space with basis (e;)$° and K > 1 such that I,(X,K) =
Iy(X) = a+ 1. Now there exists an ¢;-K-block basis tree T of order a + 1
isomorphic to the minimal tree T,+1. Let z = (1) be the unique initial node
of T, let k = max(suppz), let Xy be the subspace of X spanned by (e;)i>k
and let T(o) = {(:)T: v = (z1,¥1,---,Um) € Tand y > z}. Clearly T'(a)
is an £1-K-block basis tree on X of order o, and so [;{(Xy) > «, otherwise
Iy(Xk, K) = a = I;(X}) contradicting our assumption. Thus there exists an
£;-block basis tree 77 on Xj, of order o + 1 for some constant K’ > 1. But now
the tree T = {(z1,u1,...,w): (u1,...,w) € T'}U{(x1)} is an £;-block basis tree
on X of order a + 2 for some constant K" contradicting the assumption that
I,(X) = o+ 1. This proves the result for o + 1.

Let o be a limit ordinal and suppose the result is true for every o < @, but
false for a. Again let X be a Banach space with basis (e;)$°, K > 1 such that
ILi(X,K) = I,(X) = a and T an £;-K-block basis tree of order « isomorphic
to the minimal tree T,,. By Lemma 3.2 there exists a sequence of ordinals (ay)
such that o = sup, (an + 1) = sup,, @, and mutually incomparable trees ¢, for
each n such that t, ~ Ty, 11 and T = |, t,. For each n let z, = (wP)¥ be the
unique initial node of ¢, and let ¢, = {(y:)T" y = (w{,..., W _,¥1,---,¥m) €
t, and y > 2}, a tree isomorphic to Ty,. Clearly T = |, t/, is a tree on X,
with order a. Let T = {(e,u1,...,w): (u1,...,u) € T'} U {(e1)}. This is an
£1-block basis tree of order a + 1, contradicting the assumption that [,(X) = a.
This proves the first part of the lemma.

Suppose, if possible, that I;{(X) = a + 1 for some a. Then there exists an
£1-K-block basis tree T of order « + 1 for some K contradicting the previous
result. |

LEMMA 5.8: Let X be a Banach space with basis (e;)$°. If 8 < I;(X), then
there exists K > 1 such that I(X,,K) > (3 for every n > 1.

Proof: The result is trivial for § < w. Suppose first that 8 < I,{(X) is a limit
ordinal and let 7" be an ¢;-K-block basis tree on X of order 8. Let T(n) =
{(zi)hrr: H=z:)t € Twithl > n}. T(n) is clearly a block tree of 7 and an
£1-K-block basis tree on X,. Moreover, o(T(n)) = 3, otherwise o(T) < o(T(n))+
n < (3, a contradiction.

Now let 8 < Iy(X) be a successor ordinal greater than w; then 8 = 3 + k
for some limit ordinal /' > w and k > 1. From the limit ordinal case there
exists K > 1 such that Iy(X,, K) > ' for every m > 1. Now, X contains £}’s
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uniformly so there exists m > n and a normalized block basis (z;)% of [e:]™,
which is K equivalent to the unit vector basis of £5. Let T be an £;- K-block basis
tree on X,, of order # and let T(n) = {(z1,..., 2k, u1,-..,u): (u1,...,u1) €
TYu{(z1,...,Zk)s...,(x1)}. Then T(n) is an £;-block basis tree on X, of order
3 + k = [ and some constant which depends only on K. i

Proof of Theorem 5.6: We show that if § < I(X), then §-2 < I,(X), which
is enough to prove the theorem by Fact 5.3 (ii). Let § < I;(X) and let T be an
¢;-K-block basis tree on X of order 3. For each n let T'(n) be an ¢;-K-block
basis tree on X, of order 3 from Lemma 5.8. Let (a;) be the collection of
terminal nodes of T’ and for each ¢ > 1 let n(i) = max(supp a;). Finally, setting
T(n(s)) = {a;Uz: z € T(n(i))}, we have that T = T U(|J, T(n(i))) is an £1-block
basis tree of order (- 2 and hence I,(X) > (- 2 as required. |

THEOREM 5.9: Let X be a separable Banach space; then I(X) = w® for some
a < wi.

The proof of this theorem is similar to that of Theorem 5.6, but without a
basis for X we have to work harder.

LEMMA 5.10: Let T be a countable tree of order a < wy, M the collection of
maximal nodes of T, M = |J;_, M; a partition of M, and

T, = {z € T: x < m for some m € M;}.

Then o(T;) = « for some 1 < i< n.

Proof: We prove by induction on «. The result is obvious for @ = 1. Suppose
it is true for , and let T be a countable tree of order o + 1 with M, M;, T; as
above. Let (a;) be the sequence of initial nodes of T and t; = {z € T: = > a;}.
Clearly the t;’s are mutually incomparable and T = |J ;tj, hence o(tj,) =a+1
for some jo. Let t' = {z € T: = > a;,}, then o(t') = . Now, M =JI_; M; also
partitions the terminal nodes of ¢’ and setting

t. = {z € t': £ < m for some m € M;}

we have o(t} ) = a for some iy by assumption. Now {a;,} Ut] is a tree of order
a+ 1 and {a;,} Ut] CTi,. Thus o(T;,) = @+ 1 as required.

Let o be a limit ordinal and suppose the result is true for each o/ < a.
Write T = (J i as a union of mutually incomparable trees t; of order oy where

sup, ar = a. Given M, M;, T; as above let

tki = { € t: * < m for some m € M;}
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and let i(k) € {1,...,n} satisfy o(ty,x)) = ax for each k, by assumption. Let
N; = {k > 1: i(k) = i}, then N; must be infinite for some g, so let N;, = (k;)$°.
C T, and the trees ty, ;, are mutually

Now for each j we have tx, k) = tk;.io

incomparable, thus o(lJ, tk,,i,) = o which implies o(T,) = c as required. ]
LEMMA 5.11: Let X be a separable Banach space not containing ¢1 and K > 1;
then I(X, K) # I(X). In particular I(X) is a limit ordinal.

Proof: Let I{X,K) = o for some & < w; and let T be an ¢;-K-tree on X of
order a. Recall that a Banach space X is £4-K if there exists a collection (E,)$°
of finite dimensional subspaces of X with d(E,, Z‘fimE") < K for every n, and for
each finite set ' C X and all £ > 0 there exists n such that the distance from z
to B, is less than ¢ for all z in F'. Also recall that every infinite dimensional £,
space contains ¢;. See [LT] for more information on £; spaces.

Now let M be the set of maximal nodes of T'. Clearly this defines a collection of
finite dimensional subspaces [z;]} such that d([z;]},¢}) < K, where (z;)7 € M.
Thus, since X doesn’t contain #;, it is not a £, space and hence there exist
F ={z,...,2} € S(X) and € > 0 such that for each m = (z;)7 € M there
exists i(m) € {1,...,r} with d(zm), S([z:]7)) > e Fori=1,...,r set M; =
{m € M:i(m) = i}. Then M = |J] M; partitions M and defines T = |J] T; as
in Lemma 5.10. So, from the lemma, we have o(T;,) = a for some g < r. Let
T = {(2igs U1y -« yUm): (U1,..., Unm) € Ti} U{(2i,)}; then this is an £,-tree on
X, for some constant K’ = K'(K,¢), of order oo+ 1. Thus I(X) > a = I(X, K)
which completes the first part of the proof. The argument that I(X) is a limit
ordinal is the same as for J;(X). 1

LEMMA 5.12: Let T be a tree on X of order «, where « is a limit ordinal. Let
F C S(X*) be finite and Xp = {x € X: 2*(z) = 0 Va* € F}. Then there exists
a block tree T' of T' with o(T') = o and T' C Xp.

Proof: Let |F| = n. We note that « is a limit ordinal if and only if o = w - 8
for some ordinal 3, and prove the lemma by induction on S.

For =1, a = w, and let T be isomorphic to T,,. Notice that if (z;)7™! € T,
then there exists z € S([z;]}™") with € Xp. Thus for each k there exists a node
(z¥)!_, € T, for I sufficiently large, from which we may extract a normalized
block basis (y5)5_; of (zF)i_; which is contained in Xp and such that 7" =
{(yi“, . ,y}“): 1 <j <k, k>1}is a block tree of T. This is now the required
tree.

Suppose the result is true for fandlet a =w - (B+1)=w-B+wand T be a
tree of order a. Since T has a subtree isomorphic to T, we may assume T =~ Tj,.
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Now T“?# is isomorphic to T,, and we apply the case 3 = 1 to obtain a block
tree T < T%# of order w, contained in Xr. Let (&;) be the sequence of terminal
nodes in 7 and a; the parent node of @; in T%# for each i. Let T(i) = {z €
T: z > a;}, then o(T(i)) > w - 8. Thus we may apply the induction hypothesis to
R(T(3)) (the restricted tree from Definition 4.1) for each ¢ to obtain block trees
T(i) < T(i) with o(T(i)') =w- B and T(i)’ C Xp. Finally, T’ = T U U, TGE))
is the required tree of order a.

Let 8 be a limit ordinal and suppose the result is true for all 3/ < 3. Let (8,,) be
the increasing sequence of ordinals whose limit is §, then a = w - i = sup, w *
so that if T is a tree of order a and then T contains mutually incomparable trees
of order w - 3, for each 3,. We apply the hypothesis to each of these trees to
obtain the result. ]

Proof of Theorem 5.9: By Lemma 5.11, I(X) = « for some limit ordinal a. We
show that if 8 < « is a limit ordinal, then 8-2 < a. It follows that if § < «a
is a successor ordinal, then 5-2 < a. This is enough to prove the theorem by
Fact 5.3.

‘Let T be an {1-K-tree of order 3 for some K. If (z;)} € T let F = F{(z;)T) C
S(X*) be a finite set which 1-norms a (1/2)-net in S([z;]}). Choose by
Lemma 5.12 Ti,,)n r a block tree of T of order B contained in Xg. Let (ax)
be the collection of maximal nodes of T and if az, = (z¥)?, Fr = F(ax), let

T(k)={axUz: z € T,, r}

Thus T/ = T U (U, T(k)) is an £,-6K-tree of order 32 as required, and hence
B-2<a. ]

COROLLARY 5.13: Let X have a basis. If I(X) > w", then I(X) = I;(X).

Proof: Let a > w, and suppose I(X) = w®. Then for every 8 with w < 8 < «
there exists K such that I(X,K) > w-w? = wP. Thus I(X,K') > wB for
some K’ by Proposition 5.4, and hence Iy(X) > w? for every 8 < a. If a is
a limit ordinal, then w® = supg ., w? and so I (X) > w™ = I(X). Otherwise
a = o + 1, where o/ > w and Ty(X) > w® , which implies Iy(X) > w® = I(X)
since Iy(X) = w” for some vy by Theorem 5.6. In either case we know that
I(X) > I;(X) and so they are equal.

If I(X) = w*, then I(X) > w™*?! for every n > 1 and hence Iy(X) > w™ for
every n > 1 by Proposition 5.4. Thus I;(X) > w* = I(X) and so I(X) = I;(X)
as required. n
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COROLLARY 5.14: If I{X) = w", then I,(X) = w™ wherem =n orn — 1.

Proof: This follows from similar arguments to those for the previous corollary.

Remark 5.15: We collect together some notes about which values o may take
when I(X) = w®.

(1)

(ii)

If X does not contain ¢}’s uniformly, then I(X) = w = L;(X). Also,
if X contains £}’s uniformly, then 7(X) > w?. It is easy to see that
I{cg) = w (where the block basis index is calculated with respect to the
unit vector basis for ¢g) and so I(cg) = w? by Corollary 5.14. Thus the
two ordinal indices may indeed differ. In fact, by Remark 5.21 below, for
each n > 1 there exists a Banach space X, with Iy(X,) = I(X,) = w™!
and for each n > 1 there exists a Banach space Y, with I;(Y,) = w™ while
I(Y,) = w™t,

If I(X) < w“, then it is possible for a space X to have two bases (z;)
and (y;) with Iy(X, (z;)) # I(X, (). Indeed, for each n > 1 let H, be
the span of the first 2" Haar functions in C(A) (where A is the Cantor
set on [0,1]); if X = (3 Hyp)e,, then X =~ ¢p. Thus, if (z;) is a basis
for X equivalent to the unit vector basis of ¢o, then Iy(X, (z;)) = w.
However, if (y;) is the basis for X consisting of the Haar bases for the
H,’s strung together, then, since each basis for H, admits a block basis
of length n which is 1-equivalent to the unit vector basis of £}, we obtain
I,(X, (y;)) = w?. By Corollary 5.14 the block basis indices for different
bases can only differ by a factor of w.

We note here that there are some ordinals a for which there are no spaces
X with index I{X) = w®. In particular, if ¢ is a limit ordinal, then there
is no space X with I(X) = w*”. Otherwise, let I(X) = w*”; then for
all &/ < « there is some K such that there exists an ¢;-K-tree of order
w““’al, which we may then refine to get an £;-(1 + €)-block tree of order
W™ for any € > 0, by Remark 4.3 (ii). Hence X contains a block basis
tree of constant 2 and order w*” (taking the union of these trees) and so
I(X) > w1,

By Remark 5.21 below, for every a < w; there exists a Banach space X
with I(X) = w®*!, and by Theorem 5.19 below, there exists a Banach
space Y =T(S,=,1/2) with I(Y) = W



164 R. JUDD AND E. ODELL Isr. J. Math.

(v) If X is asymptotic £; (see for example [OTW)] for the definition of this),
then Iy (X) > w* and so I(X) = [,(X).

QUESTION 1: For which limit ordinals o do there exist Banach spaces X with
index I(X) = w®?

We have already shown that there exist Banach spaces with index w®*! for
every a < w;. We have also shown that we cannot have indices of the form w*”
for o a limit ordinal, and that we do have spaces with index of the form w“’aH,

but this leaves the question open for all other limit ordinals.

This completes the first part of the section. We now apply some of these results
and methods to calculating the ¢, index of some Tsirelson spaces.

Definition 5.16: Let E,F C N,n > 1. We write £ < F if maxE < min F’
and n < E if {n} < E. Let M, N be collections of finite sets of integers and
K = (k;){° € N. We define

k

MM ={JF:FeN (i=1,... k) and 3E = {my,...,ms} € M
1

withm < Fi<ma<F<---<mp < Fy; k>1}

and M(K) = {{ki:i€ E}: E € M}.

The Schreier sets, S, [AA], for each @ < w; are defined inductively as follows:
Let So = {{n}: n > 1} U {0}, S = {F C N: |F| < F} = &[&]. If 84 has been
defined let Sqq1 = S1[Sa]- If @ is a limit ordinal with S,/ defined for each
o' < a choose an increasing sequence of ordinals (a,) with a = sup,, &, and let
Sa =Upe i {F € So,:n < F}

Forn > 1let (So)" = {F =UjF: F;, € S, 1 < -+ < F,} and let
[Sa]™ = Sal -+ [Sa]] (n times). A sequence (E;)T of finite subsets of integers is
S, admissible if B} < --- < E, and (min E;)} € S,.

Note that (S,, C) forms a tree, Tree(S,), of order w® and ([Sq]™, C) forms a
tree, Tree([Sq]™), of order w™™ (see e.g. [AA]).

Definition 5.17: We first define cgg to be the linear space of all real sequences
with finite support, and let (e;)$° be the unit vector basis of cgo. If £ C N, then
let Bz =3 ;. paie;

Using the Schreier sets, Argyros [A| defined the Tsirelson spaces, T(Sq4,1/2),
for @ < w;. He showed there exists a norm || - || on cgo satisfying the implicit
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equation
lz]] = max ([ix[im, %sup{zn: IEiz||: (E;)T is S4 admissible and n > 1}) .
=1

The space T(S,,1/2) is the completion of (cgo, || - ||). The standard Tsirelson
space T (the dual of Tsirelson’s original space [T]) is just 7(S1,1/2) [FJ].

Definition 5.18: The Schreier spaces X, for a < w are generalizations of
Schreier’s example [Sch], first discussed in [AA] and [AQ]. They are defined in a
similar way to Tsirelson space; for each a < w; we define a norm on cyo by

= sup ‘Z a;

el

7

and then the Schreier space X, is the completion of (coo, || - l|a)-
THEOREM 5.19:  I{T(S4,1/2)) = w®¥ = I(T(Sa,1/2)).

ProPOSITION 5.20: For each a < wy, for every € > 0, and for all m > 1, there
exists n > 1 such that if T is a block basis tree on a Banach space with a basis,
and if F(T) = {(min(supp z;))}: (z;)} € T} satisfies: VF € F(T) V(a;)r C R*
with " a; = 1 there exists G € (S,)™ such that G C F and }"a; > ¢, then
o(T) < w* - n.

Proof: We prove the result by induction on . Let o = 0, pick € > 0, m > 1
and choose n so that m/n < e. If o(T) > w®-n = n, then there exists F € F(T),
|F| > n. Now, setting a; = 1/|F| for i € F gives ) pa, = 1 but if G € (Sp)™,
then |G| =m and ), a; = m/|F| <m/n < ¢, a contradiction.

Suppose the result is true for o. To prove the case a + 1 first let € > 0 be
arbitrary and fix m = 1. Let n > 2/¢, and let T be a tree with o(T) > w®¥! . n.
We may assume by Lemma 3.7 that T ~ T(n,w**!) and let F: T — T, =
{a1 < +-+ < a,} be the map F~'(a1) = Ti(a) and F~Ya;) = Use, Tn(as)
(i > 1) where T,,(a;) >~ T o+ and the T,(a;)’s are mutually incomparable. Fix
m; = 1 and €1 < 1/n. Ti(a1) has index w®t! > w* - k Vk so IAF; € F(T1(a1))
3(ai)r, C R* such that Y55 a; = Land Y0 < e if G € (Sa)™. Let (2;)] €
Ti(a1) be a node such that F; = (min{supp;))}. Then there exists i, such that
Tiz (a2) > (xz)ll

Choose mg = max(F) and €2 < 1/n. Repeating the process for the restricted
tree R(T,(a2)) and mq, €2 up to R(T; (a,)) and my,, £, we obtain F} < .-+ < Fy,
(a)r, C R* such that 3 pa; =1and Y ,5a; <& if G C F; and G € (S,)™.
Set F = F; and @; = 1a;for j€ F. Let GC F, G € Sa41. Then G =J] G;
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where r < Gy < -+ < G, and G € S,. Let ¢ be least such that G N F; # 0,
then r < max(F;) = my41 < my VI > i. Hence if I > 4, then G € (5,)™ and so

Y enr G = = 2gnp, 8 < &i/n; further, Yo p @5 < Yop @ = 1/n. Thus
.1 2
Zaj < —(1+6i+"'+€n) <-<e
= n n

as we had to show.

For general m > 1 we use the same construction, taking n > 2m/e. Then, for
G € (Sa+1)™, each set in S,41 can contribute at most (1 + Y ¢;)/n and hence
we get the desired contradiction.

Let o be a limit ordinal and suppose the result is true for each o’ < a. Let
() be the increasing sequence of ordinals, with sup; @; = «, which defines
So. Let € > 0, m = 1, and choose n > 2/e. Suppose o(T) > w* - n, and so
assume T ~ T'(n,w?*); let F: T — T, = {a; < -+ < a,} be as before, but now
with T, (a;) =~ Tye. From F(Ty(a1)) select Fi, (a;)r, C R arbitrarily. Let
(z;)} € Ti(a;) be a node such that F; = (min(supp z;))}, then there exists i > 1
such that T;(a2) > (z;)}; set ta = Ti(ay).

Now, the result is true for each o < «, and o(R(t2)) > w® -k for each o/ < a
and every k, so there exists Fy € F(R(t2)), me > max F1, and (a;)F, such that
> F, @ = 1 and every subset G of F> which is also in S,,,, satisfies 35 a; < &,
where g5 was chosen to be less than 1/n. Now, by [OTW], there exists m such
that if G > m and G € S,, for any i < mg3, then G € S,,,,. Also, since w® is
a limit ordinal, we may remove a finite number of the smallest nodes of R(t;)
without changing the order of the tree and so we may choose F; > m.

We continue in this fashion, as before, to obtain Fy < -+ < F,, (aj)r, such
that if i < max Fj_1, G € S, G C Fj, then Y sa; <& < 1/n. Set F = JF
and @; = %aj for j € F. Let G € S,, then there exists j > 1 such that G € S,
and j < G. As before let i be least such that GN F; # @, then j < my (I > 1)

and 50 Y gnp & = 7 Sonm & < €1/n and Yo gap @ < Yp @ = 1/n. Thus

_ 1 2
Yoai<—(ltei+-+e)<=<e
n n
G
giving the required contradiction.
The case for m > 1 proceeds along similar lines as for the successor case;
we just need to pick n so that m/n < €/2. This completes the proof of the

proposition. ]

Proof of Theorem 5.19: We first note that for each n > 1, if E € [§,]", then
| > icgaiell > 27™ ) |as|, from the definition of the norm on T(S,,1/2), thus
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we may construct a block basis tree isomorphic to Tree([Sq]™). As we noted in
Definition 5.16, o(Tree([Sq]™)) = w*™, and hence Iy(T(Sq,1/2)) > w*™ for each
n > 1, and so Iy(T(Sq,1/2)) > w®.

Now, suppose Iy(T(Sq,1/2)) > w®*, then there exists an ¢;-K-block basis
tree T of order w™** and by Fact 5.3 (v) we may write w®* = w*’*" for some
f < wy. This is one of the fixed points of our construction by Remark 4.3 (ii).
Thus for every € > 0 there exists an £;-block tree of T with constant 1 + ¢ and
order w*¥, so we may assume T has constant 1+ ¢ where ¢ < 1/10.

Let m = 1 and choose n from Proposition 5.20. Since o(T) > w® - n there
exist F € F(T), F = {ny,...,n;} = (minsuppz;)} for some (z;)} € T and
(aj)p C RT such that } pa; =1and ), a; < €/3 for each subset G C F which

is also in Sy; set x = Zl. an,zi. To calculate the norm of z let (E;)¥ be S,

i=1

admissible. Let I = {i: supp(z;) C E; for some 5}, let
J={i<ligIand supp(z;) NE; # 0 for some j}

and note that since (E;)* is S, admissible, there exist A, B,C € S, such that
{nj:jeJ} =AUBUC. Now

l

k k
1 1
S B <L Y e Y Bw

1=1

k k
= % (Z an, Y Bzl + ) an, Y | Ejzill

iel j=1 i€J 1

k
<53 an + z;z 1|

i€l ied

+Y an,|lail]

ied

+ Z Qaj

JEAUBUC

£
+33

IN IN
N N = N =

IA

and hence ||z|| < 1/2 +&. However (x;)} € T, an £;-(1 + €)-tree, and so ||z >
1/(1 +¢), a contradiction. Thus I}(T(S,,1/2)) = w™v. [ |

Remark 5.21: The authors have recently calculated the index of two other classes
of Banach spaces. In [JO] it is shown that the index for C(K), where K is a
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countable compact metric space, is given by

a o

I(CW* ) =w'tetl L(CWw*))=w* (1<a<w)

and for X, the ath Schreier space, 1 < a < w; (Definition 5.18), that I{X,) =
wott,

6. Final remarks

As we noted in the introduction, Theorem 1.1 is false for 1 < p < co. This is a
consequence of £, being arbitrarily distortable [OS]. In particular the following
is true.

THEOREM 6.1: For eachp, 1 < p < 0o, and every L > 1, there exist K > 1 and
o« < wy such that for any § < w; there exists a Banach space X which contains
an {p-K-tree on X of order at least 3, but no £,-L-tree of order a.

Proof: Fix L > 1; then since £, is arbitrarily distortable there exists a Banach
space X isomorphic to ¢, satisfying d(Y,£,) > 2L for every subspace Y of X.
Clearly, as X is isomorphic to £,, there exists some constant K so that X contains
an {,-K-tree on X of order 3 for each § < w;. If the theorem is false, then for
each a < w; there would exist an £,-L-tree on X of order at least a. This in turn
would imply [B] that X contains a subspace Y with d(Y, ¢,) < L, contradicting
our original assumption. This completes the proof. |

The finite version of Theorem 1.1 for £, is true, as we mentioned in the intro-
duction. From this and our construction of T,, (Definition 3.1) it is easy to see
that if we have an £,- K-tree T of order w on a Banach space X, then there exists
a block tree of T' which is an £,-(1 + ¢)-tree of order w. Thus it seems reasonable
to ask the following question.

QUESTION 2: For which ordinals « is Theorem 1.1 true for 1 < p < 0o, and what
is their supremum?

Definition 6.2: We extend the definition of the ¢;-spreading models introduced
by Kiriakouli and Negrepontis [KN] to £, (1 < p < 00). A sequence (z,)3%; has
an £,-S,-spreading model (S,-SM, for some 1 < p < oo, with constant K, if
(®i)ier £ uvb KLF‘ for every F € S,, where S, is the collection of Schreier sets

of order « introduced in Section 5.
We can refine the constant of an ¢1-SM from K to (1 + €) on a block basis as

we did above for #;-trees, but the proof is much more straightforward. We also
note that these spreading models are a stronger notion than ¢;-trees.
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We need the following result [OTW]:

LEMMA 6.3 ([OTW]): For each pair o, 3 < w; there exists N C N such that
Sa[Sp](N) € Spta-

THEOREM 6.4: For any K > 1, every ¢ > 0, and each o < w1, there exists
B < w1 such that if (z,) is a normalized basic sequence having an £,-Sg-SM with
constant K, then there exists a normalized block basis (y,) of (z,,) having an
£1-8,-SM with constant 1 + €.

Proof: This follows immediately from the following lemma. |
LEMMA 6.5: Let (z,) be a normalized basic sequence having an £1-S,.o-SM

with constant K. Then there exists a normalized block basis (y,,) of (z,) having
an £1-S,-SM with constant v&.

Proof:  For fixed a < w; choose, by Lemma 6.3, N = (n;) C N such that
Sa[Sal(N) C Su.2 and consider the subsequence (z,,)5°. We know that since
Sa~2(N) - Sa-27

e
i€F

If there exists & > 1 such that

[
ieE

then we are finished since E € S, implies E+k € S, (k> 1).
Otherwise there exists a normalized block basis (y;) of (2,,) satisfying

Y = z AiTn;y Z Iail > ‘/_K—

i€ E; i€E;

2 % ; las|, ~ for every (a;) CR, and F' € Sa.a.

1
> — a;|, for every (a;) C R, and each E € S, with E > k

with E; € S, and E; < Eji; for each j > 1. Now, for each E € S, the set
F = U;cg E; is an element of S4[Sa|(N), which in turn is contained in So.o.
Thus we obtain

”Z bjyj” > 71—_E Z|bj|, for every (b;) CR, and E € S,
E E

using James’ argument as in the proof of Theorem 1.1. N
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Remark 6.6: We note here some closing points for this section.
(i) For every a < wj there exists a Banach space X, with an ¢;-tree of order «
but X, has no ¢;-spreading models. In fact X, can be taken to be reflexive
with all normalized weakly null sequences having an £3-(1 +¢) subsequence.

Proof: We use a similar construction to Szlenk [Sz]. Let Xy = ¢% (k > 1).
If o < wy is a limit ordinal and we have constructed Xz for each 8 < a, let
Xa = (2 p<a Xty Given X, let Xoi1 = (Xo ® R)y,. |

(ii) As for the £,-trees, Theorem 6.4 is also true for p = oo and false for
1 < p < o0. This follows from the proof of Theorem 6.1.

(iii) It follows from Lemma 6.5 that if (z,) is a normalized basic sequence having
an £1-S,«-SM with any constant, then for every § < w?, and any € > 0,
there exists a normalized block basis (y,) of (z,,) having an £;-Sg-SM with
constant 1+ €.
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